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. EPITORIAL NOTE ABOUT THE COVER: ‘The builders of
the Golden Gate Bridge created an enginecring triumph that
wedded mathematics and art'in a breathtaking union, The
grnqsful catenary curve of the suspengjon cables is given by

b

Do emgEed) .
where a is a constant that determinés/the amount of ~“sag.” The:
added ‘weight of the vertical support cables and the roadbed
“structure resulted in a modification of the catenary curve. One
shquld riote that the mathcmatical tools available during the
‘design and construction of the bridge | 1937) did not - permit a
fevel of accuracy expecied in today’s cémputerized world.
Nevertheless, none of the precalctlated and precyt, vertical support
cables was more than 1S centimetres off a perfect fit.

One of the toughest mathematical problems solved in the design
of the bridge involved the stresses and forces acting on the
towers. This problem required the solution of 33 simultancous
linear equations in as many unknowns, using paper and pencil
only! A Mo o

For more mathematical information about the Golden Gate
Bridge, write to Chief Engincer, Golden Gate Bridge District,

, P.O. Box 9000, San Francisco, CA 94129. .
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You who read and use The Handhook for Planning an
Effective Mathematics Program in your schools are the critical
and final links in a unique chain that connécts what is known
about high qualily mathematics programs with what happens
to students in mathematics classrooms. To make full use of
the power of this chain, you should be familjar with all its
links.

Onc link we are proud to forge into the chain is the
valuable influence of the eminedt mathematician and educator,
George Polya. His many books and expositions on under-
standing, learning, and teaching problem solving through
mathematical discovery over the past half-century are now
recognized as the foundation of contemporary mathematics
learning. During the development of the handbook, Professor
Polya honored us with scveral hours of infcraction with the
handbook writing committec and shared many profound
concepts, which the committce incorporated into its description
of high quality mathematics programs, B

“Another link it the chain is the power of community
involvement in planning, developing, and impleménting the
cducational program of the local school. If you are concerned
with the mathematics program in your local school, then,
regardless of your mathematics training and abilities, this
handbook was prepared for your use.

New staff development opportunities, teacher-center
programs, and mathematics teachers organizations, such as the
California Mathematics Council, arc other important links in
the chain, They have demonstrated their value to the chain by
bringing to teachers of mathematics an awarcness of, and the
teaching skills nccessary to meet, the learning needs of citizens
of the technological society of the twenty- first century,

You will find other links described in the handbook, but
another word about your involvement is appropriate, You arce
the final link in the improvement of the mathematics program
in your local school. You parents, teachers, school admin-
istrutors, members of the school community,
counsclors, and students must be committed to
quality education. 1 encourage you to usc this
handbook for assessing, planning, developing, -
and delivering a high quality mathematics
program in order to help today's students
face the challenges of tomorrow.,

Superintendent of Public Instruciion
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You who use the Handbook for
Planning an Effective
Mathematics Program dre the
critical and final links in a
Aniqu(' chain that connects what
is known.about high quality
mathematics programs with what '
happens to students in .

.mathematics ¢lassroomas,
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This handbook provides a
standard for assessing the quality
of the mathematics program, and

itisa guide for planning and
implementing improvements in
the school’s mathematics

' program.
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The California State Department of Education has
consnstcntly cncouragcd all members of the school community
to participate in the process for improving school programs,
In keeping with that policy, the Department is providing
leadership and assistance to schoo! communities in California
by prcparmg a serics of handbooks that focus on the
curriculum in specific subject arcas. This Handbook for
Planning an Effective Mathematics Program is the fourth in
that scries. Handbooks in science, wrmng and reading are
alrcady in print.

This handbook and thosc in thc other cumcular arcas arc

~ addressed to all individuals and groups that wish to review

and improve educational programs. Howecver, the documents
arc addressed more specifically to those persons at school site
levels who plan and implement curricula: teachers, school
administrators, curriculum specialists, parents and other
members of the community, and students:* This handbook
provides a standard for dcscqsmg the quality of the
implementing improvements in the school's mathematics
program. We belicve that these handbooks arc unique’ in
providing assistance without being overly technical; however,
we encourage the reader to supplement these handbooks with

" other documents, such as the state curriculum framéworks, the

county superintendents’ Course of Study,-and district
curriculum guides,

We sought the valuable assistance and advice of many.
knowledgeable pcoplc in the d(.velo_gmcnt of this handbook.
Many of them are identified in the acknowledgments, but
there were countless others who reviewed preliminary drafts
and madc valuable suggestions.

We will not know the ways this documcnt has proven its
value until many of you have had the opportunity to use it,
We sincerely urge those of you who_do so to inform us of its
strengths and weaknesses. Please direct your response to the
Instructional Services Section, California State Department of
Education, 72! Capitol Mall, Sacramento, CA 95814,

DAVIS W (AMPBET
Deputy Supermitendent

RAMIRO REYES
Avsacate Superintendent

lor Programy of Publig Instrucnion
IAMES SMITH

Adnumistrator. Instriictional

Services Sectioen
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The State Department of Education gratefully acknowledges
the contributions the following people made to the develop-
ment of this document, The final draft was. written by -

« Carol’lddins, Sacramento, who reorganized the contents and
added a literary touch to the writing. Evelyn Silvia, University
of California, Davis, was the writer most responsible for
capturing and dcaCnbmg the essence of a high quality
mathematics program. Finally, Don Walker, Rio linda Union
Elementary School District, was the initial writer who greatly
cxpanded the potential application of this document as a tool

" for improving school mathematics programs. .

The pracllcallly of this handbook is the result of many o
hours of intense discussion, writing, and rcacuons by the
following pcople: :

Joan Akers, Santee Sthool Distriet
Bonnie Allen, Office of the Fl Dorado County

Superintendent of Schools
Flle Amundsen, Cupertino School Distriet
Jan Berry, California School Boards Association, Sacramento
Barhara Bethel, San Diego «City Unified School Dhstniet :
Robert Brown, University of California, 1oy Angeles
Mary Cavanaugh, Carlsbad ' o {
Carol Cornelras, Orange Unificd School Distriet
Virgmia Dovle, TahoesTruckee Unificd School Distriet
Sister Rose Eleanor Fhret, College of the Holy

Names, Oaklind . , writing, and reactions of
Robert Enenstein, 'Sequoma Union High School District mathematics educators from
I vle Fisher, Tamalpais Uniton High School District . throughout California,

Junce Gawronsky, Office of the San ego (()unl\, ‘ .

Superintendent of Schools

Ruth Hadley, 1 ompoe Unmified School Pistriet

"
The practicality of this
' handbook is the result of many
'i hours of intense discussion,
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Leon Henkin, University of California, Berkeley
Tom Lester, San Juan Unified. School District
Robert McFarland, Office of the Aldmcdd (ounly
Superintendent of Schools
Evelyn Neufeld, San Jose State Unncrsn)
Susan Ostergard, University of (qlnfornm Dayis
Jean Pedersen, Unncrslty of S'snmg(l.nra
Arthur Schweitzer, San Clemente : .
- Mary Ann Sessma, Los Angeles Unified School l)tstrnc
, S - Dale Seymour, Palo Alto
George Polya's many books and | |04, webster, Office of the Alameda County

expositions on understanding, Superintendent of\Schools
learning, and teaching problem ' N

solving through mathematical

discovery over the past half-century The State Department of Education staff who assisted in

are now recognized as the foundation the development of this document were James Smith, Manager
of contemporary mathematics of the Instructional Services Section, and Mac Gundlach,
learning, - Schoo! Improvement Program Consultant. Other staff who
provided valuable suggestions were Phil Daro, Fred Dobb,
Paul Gussman, Donavan Merck, and Robert Tardif. Joseph
Hoffmann, Consultant in Mathematics Education, coordinated
and supervised the development of. this document. '
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Introduction '

~

Mathematics, cornerstone of the sciences, is an absolute
necessity for those who live in today's society. People use
some application of mathematics every day and continually
rely on a multitude of human services without ever realizing
‘that those scrv:ccs are made possible through the power of
mathematics,

Most jobs now require mathematical skills. Indeed, ‘the
mathematics required in many jobs is becoming increasingly
sophisticated. It is well known that science and engincering
T rely heavily on mathematics. What is less well known is that
' the mathematics of calculus is now required for studying

medicine, architecture, business administration, and forestry,
Even in accounting, where arithmetic skills have always been
fundamental, advanced mathematical techniques, such as the
theorics of probability and lincar algebra, are often necessary.

The Brosd Spectrum of Mathematics

To prepare students for life in today's highly technical

society, their mathematical training must include and go far

~ beyond providing training in the simple skills of counting, -
computing, putting numbers into formulas, and even solving
cquations. l.carning only rote mathcmatical rules ill equips
students to apply those rules to solve problems outside the
classroom. Instead, the mathematics curriculum must focus on
what mathematical concepts mcan, how they are related, and
where they apply. Most importantly, all mathematics concepts
must be taught in such a way that students understand their
application in day-to-day living and their value in various
carcers and vocations,

Q

N

.

Furthecrmore, students should develop an undcrstandmg of !
other purposes served by mathematics. Mathematics is not just -
a tool for_ sol_vmg p.roblcrps 'rclatcd to scucncc_ and daily living; Mathematical training must T
muthcrpatlcs i$ @ scicnce 1n its own right. IE 1s also onc of the include and go far beyond
humanitics onc which has captured and stimulated the most providing training in the simple
crcative minds all through the ages; it is the most precise of akills of counting, computing,
languages one that is continually growing in order to .~ _putting numbers into formulas,
accommodate new ideas and solve new problems; and it is a . . and ¢ven solving equations.
form of mental recrecation that completely fascinates and 4
absorbs thc mind. It is important that all students, both '
) :
¢ - 1
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While it is not necessary for
everyone to know how computers
work it is important that
students inderstand what the
“computer.can do for them.
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clementary and high school, understand this broad spectrum
of mathematics. o

Computer technology was born suddenly in thiy generation
and has drawn on the full spectrum of mathematies. Com-
“puters have reduced much of the drudgery of hfe, while

increasing the amount of needed mathematical knowledge and
facility, Anyone who handles money, makes either long-term

‘or short-term purchases, invests 1o stocks, or uses charge cards
must be fully aware of the increasing computerization of
society, While it 15 not necessary for everyone 1o know_how
computers work, it 15 important that students understand what »
the computer ‘can do for them, Above all, the mathematical
processes for solving problems must ultimately prepare stu-

~dents to think rationally in-the face of challenging situations,

-

" ¥ie Purposs of the Hamdbook N

- N ; _ I e N o
The Handbook for Planming an Effective Mathematics

Program was designed as a tool for asscssing and imprdving a

the

school's mathematics program. It identifics and explaing
of

essential components of a high quality program. In cag
the following parts of the handbook, one of the majc
componc-ukjof program planning is analysed: the ¢
the mathematics program (what students learn); the methods
of teaching mathematics (how students learn); and support for
implementation of a quality mathematics ‘program (the
necessary preparation for lcarning to take place).

Each component is further divided into cssential program
clements: that is, the characteristics of cxemplary mathematics
programs. The cffects of these characteristics on student
understanding, attitudes, and achievement arc discussed, thus
establishing a guide for judging the quality of mathematics
programs. Any program that is considered to ‘be exemplary
will exhibit all these characteristics. .

1%

’

-
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The Use of the l-landimoj‘k

The handbook should be read o gain an understanding of
the characteristics of exemplary mathematies programs and for
“an overall perspective on how these should be combined to
provide a4 well-integrated and well-designed program, Lhe

' .mdb()()k includes dlustrative examples of the charactenstics,
which. are followed b) a series of questions that indicate what
10 Jook tor in assessing the guality of a sehool’s mathematics ‘
program , C .

The guestions that appear throtughout the }mndh(mk vhould
not be anvwered \1mpl\ ves ar no [ the answer iy fves s -
amportant tooadentdy "too what degree ™ I the apswer s Mno,” O
s impartant o know “why" The major guestions are
outhoed m o checkling ot the vonclusion of the handbook

© (page S3) T “Cheeklist for Assessing the Quality of @ .
School's Mathematies Program™ challenges observers and '
planners 4o analvze o mathematies program and to dieuss the
steps that need to be taken next. In order to respond " :
adequatels to the items i the cheekbist, 1t will be AECENSTs
for users of the handbook o observe classroom activities, »
mterview students, teacherns, and others, and review texthook\ . .
and othegg yntructional maternds '

Althoupzgh
spevtalints, 1t

¢ handboak will be usetul tor mathemtios
aay designed speaifically for groups or

individuals, ¥ sehool site counatds and school personned ¢ B
who have the rL\p(m\lhIlIl\ for assessing, Hmproving, .
“deseloping, or gnaking deasions about mathem, ey programs : /
One of the prlmlpdl goddls of the handbook s to muke «
mathematios cducation g schoolwide concern, not qust the
provinee ol those wha are most expensenced in mirthematios John von Newmann and others
imstruction  Fheretore, bevatne the intended audience mcludes of the Institate for Adyvaneced
teachers from different disaplines, parents, community Study discovered that base-tuo
members, and students, the wnters of the handbook avorded, numerals representing
whenever possible, technival language inatruction codes and also other
» data could be stored
i . electronically. Because of the ,
work of this brilliant ‘
mathematician and his ' -
colloagues in 1945, it was
’ possible to eliminate masses of
apecial wiring that had been
required to solie mathematical
problems electroni®pfly. Thus,
, the stage was aet for designing
( modern computers.
’ .
/ / .' -
JOHN VON NELMANN
1901 "
O
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School plannmg ‘teams? for improving mathematics programs
will find useful mformanon in the analyses provnded by the
California Assessment Program (CAP). Through the CAP, the
attainment of studems in_the basic skills of reading, language,
and mathematics is measured annually in the public elemen-
tary and secondary schools in Californja, CAP focuses
oh the effectiveness of school-level programs and provides:,

" information to program plannérs about the relative strengths
and weaknesses of each school's basic skills programs. CAP.
- was not designed to assess the progress of individual students.
. -Program planners should also consult the Mathematics
School planning teams for Framework and the 1980 Addendum for California Public*-
improving mathematics programs Schools, 'the county superintendents’ Course of Study,' and the.
will find useful information in Department of Education’s school improvement publications: -
the analyses provided by the (See page 69 of this handbook for a list.) " e
California Assessment Program. Another valuable source. of information-is the National
’ E ' Council of Teachers of Mathematics. One of its publications,
An Agenda for Action: Recommendations for School
Mathematics of the 1980’s,2 provides a valuable perspectlvé on
new directions in .mathematics education. ¢

o

1Course of Study: A Progmm Planning Guide for Grades Kindergdrren Through
Twelve, 1981-84. Hayward, Calif.: Office of thc Alameda County Superintendent of
Schools 1981.

24n Agenda for Action: Re(ommem/auom Sfor School Mathematics of the 1980’s.
Reston, Va.: National Council of Teachers of Mithematics, 1980.

;

- California Assessment Program
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Overview

If a school’s goal is to help students acquire the ability to

function éfféctively in.today’s rapidly changing society;a—
quality mathematics program will include activities that build
the students’ confidence in dealing with situations requiring
mathematical skills. Furthermore, in a high quality program,
students will be taught ‘certain mathematical processes and
Jearn why and under what conditions they should use each
process.

The understanding of mathematics begms with a
development of the skills. a person needs to communicate
mathematical ideas, so this discussion of the content of
mathematics begins at that point. Mathematics specialists have
identified the following elements as essential to developing a
comprehensive mathematics program that will provide students
with the skills, knowledge, and valuesthey need to understand
and use mathematics successfully

o The Ianguage of mathematics. Students develop fluency in
using ‘the language of mathematics so that they are.able
to apply their mathematical skills in other settings and to
communicate with others using mathematical términology.

"o A comprehensive mathematics curriculum. Through a
comprehensive curriculum, students are given oppor-
tunities to develop mathematical skill§ and concepts

~ that build on one anothgr, relate”to possible career and
life sntuatnons and meet their diverse learning needs.

e Computing skills. Students acqunre computmqunlls in the
context of their day-to-day experlences and through
interesting activities. : >

® Prohlem solving and application. Students are provided
regular practice in-solving problems so that they learn
problem-solving strategies and critical thinking skills while
_ developing an understandmg of the practleal uses of
j._mathematlcs

Perhaps the most well-known
mathematical formula of
modern times was the result of
Albert Einstein’s discovery that
the amount of energy contained
in an object is related Lo its
mass: E = mc2 .

ALBERT EINSTEIN
1879 -1955 .
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“What you have been obliged to
discover by yourself leaves a path
in your mind which you can use
again when the need arises.”

FROM APHORISMEN BY G (. LICHTENBERG
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The Laiiguagef of MathematicS»,

Students should nevert learn computmg skills as unrelated
facts or be unable to use those skills to solve real problems.
A’ student’s inability to use mathematical skills comfortably s
probably because mathematics does not really “make sense”;. it
is merely a series of- unrelated rules. A good mathematics -
instructor creates the “sense” by giving students.opportunities
to see that mathematical symbols ‘are not just‘things to be
manipulated accordmg to mysterious rules. Rather, students -
become fluent in mathematics when they learn to ude the
symbols and terms to record and communicate the ‘ideas of
mathematics. “

The' language of mzrthemdtlcs helps students translate the
clements and the relationships of thOSe elements in a problem
situation into mathematical symbols ‘that yield a solution .
through ‘mathematical procedures. In an effective program,:.
teachers take the mystery out of mathcmatics by demonstrdtmg

that every step in a mathematical procedure -has clear- -
justification and mea\ung

Fluenéy in the Language of Mathematlcs

When learning a foreign language, studt.nts study VOcabulary
and grammar and practncc translating from the familiar to the
foreign and back again. The cventual goal is to be flient in
the foreign lghguage and to be able to think in it. Students -
may follow a similar process as they bccomc fluent in the
ldnguage of mathematics.

The “grdmmdr of mathematics involves the use of symbols
and terms. A scntence in mathematics may include combi-
nations of rniumbers, opcrational symbols, parcntheses, and’
defined terms. It is as important for students of mathematics
to understand and ust these térms as it is to learn the syntax
of a language. For cxample, elementary students should be
able to explain what “/ of somcthing” means, In high school

algebra students should be able to explain that 2x + [/ = 5 is

not just'a .mathecmatical éxpression, but that it represents a

.serics of operatiors performed -on Some number; namely, a

number was multiplied by two, then onc was added to the
product and the sum was cqual to five. .

It is also crucml that group discussion lcad to the class’s
“discovery” of any mathematical rule. The extra time taken

for discussion and discovery can help give mcamng to an
‘otherwise meaningless rule. For example, cxercises should be

designed so students discover ‘'why common dcniominators ase
used in-the addition of frdctlons rather than belng told to
memorize a sequence of ‘magical” steps.-

Learning the language of mathematics should continue
throughout thée school’s. mathematics program. At cvery grade
level, the use of appropriate terminology should be a natural
part of mathematical experiences.

~
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What to look for:

a. Does the teacher.use correct tcrmlnology whenever |t
is approprlatc"

b. Can the students read and give the meaning’ for : _ N
symbols and terms? . . ' :
c. Do students explain terms, symbols, and rules to . \ -
' ecach other and the tcacher? '
d. Does the teacher provide the students with a varicty . g o
, of experiences to work with §ymbols and terms? For . e N
example: e e

(1) Matching symbols with the terms .
(2) Exchanging mathematical expressions with * -
. equivalent expressions :
(3) “Finding what’s missing” excrcises
e. Do students get involved in discussions that fead to
" a discovery of mathematical relationships?

-

Skills of Communicating in Mathematips o " N

To develop fluency in a language, teachers must require .
students to do more than translate the language or learn the
grammar. And it is also truc in mathematics. Teachcrs must
involve ‘their students in activities that help them learn to .
communicate with mathematical c¢xpressions. For example,
students shoukd bc able to communicate with dxagrams
symbols, equations, and other mathematical expressions. If
“  they know and understand that there arc different.repre-
scntations for the same ideas, they are more likely to be :
able to work with the ideas successfully in different’settings. Dencribe the objects that cdst these shadows.
Students “who are fluent in the language of mathematics can,
tell where they are in a mathematical process, why a mathe-
matical process works, what mathematical task they are
“trying to accomplish, and when, perchance, they need help,
Many learning cxpernenccs can help students improve their | e ‘
skills of communicating in mathematics. For example, students students in activities that’help
can participate in games, invent mathematical puzzles, and them learn to communicate with
mathematical expressions.
give project reports to their classmates. As another example,
the teacher might ask one student to describe a geometric
shapc to the other students, who must then draw the shapc as
it is described. The students then share their pictures and
~ discuss the descriptions. : »
Another way to build skills in communication is to ask the |- .
students to help clarify or correct a point on which the
~teacher pretends to be confused. This activity increases student
attention as well as improves their abilities to use mathe-
matical terms. For this technique to be successful, the : ,
tcacher must write exw‘ the students say. When . ' ,
students are held acc untable for what they say, it is amazing ¢ o

how precise they become in using mathematical terminology.
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“The very essence of
[mathematics] is the prevention
of waste of the energies of

. muscle and memory.”

FROY THE NATURE OF MATHEMATICS BY

. « PHILLIP E. B JOURDAIN

e b

What to look foi':

a, Do'tcachcrs help students cxpress their thoughts
when they are-doing mathematics? ©

b. "Arc students asked how concepts arc related? For
example: )
(1) How is addition related to sets of objects?

(2) When should multlphcatIOn instcad of addition
be used?

c. Arc there rcgular class dlSCu%‘lOne on SUbJCC(Q that
involve comparing sizes, numbers, areas, and so
forth?

d. Can students tell cach other why they are following
_ certain steps?

€. Can students explain the stcps for solving an

,- - chuation? , ,
f. Are discussions of mathematical reasoning a natural
-and regular part of the classroom activity? For .
exampleg ~ - _ ,

(1) Can students ¢xplain Row percentages are
derived, how to use them, and the relationship
of percents to fractions and decimals?

(2) Can students discuss how to compute with
- fractions?

g. Do students give verbal reports on homcwork and .

projects they have completed? B

h. Are students encouraged to develop independent
" study projects in which they explore applications of - .
. concepts? : .

¥

[Pe P

A Camprehensive Mathematics "
 Cwrriculum

Because mathematics is such an integral part of cvcryday
lifc in today's socicty, mathcmatical competence is one of the
ingredients of a sausfymg and productive life. Therefore, a
well-designed curriculum in which students are prepared for
carccers and day-to- day living should include a wide range of
mathematics topics in which mathematical concepts and skill
aregs arc developed thorolghly. Appendix C tp the .-

Mathematics Framework and the 1980 Adderdum is the.

California Statec Board of Education’s' 1980 “Criteria for
Ev'aluating Instructional Materials in Mathematics,” and the *
criteria represent the core of instruction for any good

mathematics program in kindergarten through grade cight, The

county supcnnlcndcnts Course of Study is another good
‘reference for developing comprchcnslw. mdthcmullcs programs.
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The Breadth of Mathemgtical,Skills

The breadth of mathematics refers to the scope of essential
skills, and concepts that students should master. For example,
by the end of the ninth grade, every student should have
develpped an appreciation for the subject of mathematics and
should have acquired at least the mathematical skills and
. concepts that are necessary for day-to-day living. These
include: (1) proficiency in computing; (2) the ability to read
graphs and charts; (3) understanding of percentages; (4) skills
of measurement; (5) a facility with geometric concepts;

(6) development of logical thinking processes; (7) a facility for
discussing mathematical concepts; and (8) the ability to
use mathematics to solve a vancty of problems. (See the
Appcndlx page 61; for the breadth of ‘'mathematics dxpected of
cighth graders in Cahforma public schools.) :

For students who do not reach the required level o
proficiency by the ninth grade, an effective school mathematics
program provides for the acquisition of such skills through
remedial programs available in grades nine through twelve.

Once students have reached the required level of proficiency,
a school’s mathematics program should help them prepare for
their career choices through a variety of courses. The options
available .for students should include: (1) mathematics for

K business and basic accounting, (2) mathematics preparatory for

college or university trammg (See page 15 .of this handbook
for a more thorough discussion of the requirements of colleges
and universities for their entering freshmen.); (3) mathematics
for vocational choices; and (4) mathematics for consumer
needs, It is rccommcndcd that all students take some
mathematics course in their senior year,

"Mathematics instruction can also play an important role in
helping students improve their reading and writing Skl”S '
Teachers can help students meet local proficiency standards by
using mathematics contént and provndmg mathematics-based
experiences which require students to use those basnc SkI”S
rcgularly .
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Mathematics instruction .can play |
an important role in helpmg .
students improve their readmg

and writing skills.
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“The beautiful has its place in
~ nmiathematics for here are
triumphs of the creative
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What to look for:

a. Are opportunities provided for all students to gain
art understanding and to use all essential skills and
concepts? Those are:

(1) Arithmetic numbers and ()pcr.m()ns

(2) (;LOmctry

(3) Mcasurement

(4) Calculators and computers _

(5). Probability and statistics o @
(6) Relations and functions’

(7) lLogical thinking

(8) Algebra .

b. Do students demonstrate facility with
problem-solving skills by drawing diagrams, looking
for patterns, forming cquations, and so forth?

c. Do proficicncy standards in mathematics include
reading graphs and charts, computing restaurant.
~ bills, and niming geometric shapes?
d. Arc a wide range of courses available at the
sccondary level? For example:
(1) Basic mathematics coufses
(2) Consumer and carcer courses
(3) Computer literacy courses
(4) College preparatory courses of both tcchmcal
and gcncral college programs

c. At the sccondary level, do 9ludcnts have an
opportunity to take a different mathematics course
every year, and do titles of coursc% clearly idemtify
the content? .

f. Are all twelfth-grade students who plan to attend
college cnrolled in a mathematics course?

g Arc mathcmatics tcachers familiar with the
district-adopted’ proficicncy standards that their
students must mcc("
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h. Do mathematics teachers make assignments in
mathematics that help students improve their reading
and writing skills?

The Depth of Mathematics Instruction

In a comprechénsive mathematics curriculum, skills and
concepts are woven together and developed | into a hicrarchy
for better L}pdcrstandmg Many of the mathematics skills that
students acquire have common characteristics that should be
used crcauvely For instance, students encounter the concept
of regrouping many times by many different names. When
learning addition and subtraction, students may call the
concept “carrying, borrowing, or regrouping.’ * When’ lcarning
to usc money, the students may call it *making changc
When learning fractions, they may call the concept “finding

.;Lqunmlcnt fractions.” At the secondary level, the teaching of

prime factorization of numbers Icads to factoring of algcbmnc
cxpressions.

Thus,.whenever possible, the teacher illustrates’ that the new-
concept is really an old friend. On the other hand, for a -
student who has been unsuccessful in lecarning the concept by
a previous name, the teacher uses different strategies t@ build

‘the desired skill. Furthermore, the teacher builds and rein-

Q

RIC

forces cogmtnvc skills by stressing understanding, application,
analysis, synthesis, and evaluatioprof concepts. At the highest <
level, the students develop y‘#:rcuau()n of the beauty and
clegance of mathematics.
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What to look for:

a. Do the skills l() be dcqmrcd contain a core of
common lecarnings and minimum competencics CVCry
student is expected to learn?

b. Do the students know that the skill they are
learning iy built on a previously acquired skill?

¢. Does the tcacher make use of puzzles, poslcrs: and
“tudent projccm that require the usc,of scveral skills?

d. Do students use brldgl*,phrascs like “It works just
hike...."? ' ‘

¢. Do teachers plan lcarning tasks that arc designed to
build the higher levels of cognitive understanding
beyond knowledge and comprchension? For example:
application, analysis, synthesis (formulation of
rclationships between concepts), and evaluation . ..«

f Does the teacher stress awareness of the universal
applications of many mathématics concepts, such as*,
the use of mathematics in music and the uses of <
gcometric patterns in art?

Aruitoxt provided by Eic:
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Archimedes, one of the greatest

mathematicians of all time, was
killed by a Roman soldier after
the fall of Syracuse. According
io sonfe historians, the soldier
Jound Archimedes drawing
circles in the sand and became
angry when Archimedes yelled,

“Don’t spoil my circles!”

ARCHIMEDES
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The development of a schoolwide
thematics program should
involve students, teachers;
counselors, administrators, and
‘ parents,

- Priority for Mathematics in ihe School-Level Plan

A mathematics program should reflect a schoolwide
commitment to mathematics education, One of the indicateors
of such commitment is the development of a school-level plan

_that places a high priority on mathematics education, allocates

specific time for it in the lcarning program, provides for the
coordination of mathematics with other subjccts, and cnsures
financial support for the program. The school mathematics
program should be designed so that students can progress
toward clearly stated goals without unnecessary repctition,
This can be achieved by carcful planning through all grade
levels. The school-level mathematics program must be an
integral part of any other school-level plan, such as the school
improvement plan or the compensatory cducation plan. It
should never be viewed as something separate from or in
addition to such plans. The mathematical skills and concepts

“taught in classes for bilingual, compensatory, and spccial

cducation students should be the same as those taught in the
rcgular program,

The development of a schoolwide mathematics program
should involve students, tcachers, counsclors, administrators,
and parents; and it should be coordinated among classrooms,
grade levels, and feeder schools as much as possible. Thus,
when more than one teacher in a school is tecaching the same
grade level or course, students will be taught the same skills,
and upon completion of the grade gr course, comparable
rankings will indicate comparable proficiency. Further,
students will bengfit from a systematic comprehensive
mat hematics program that includes all of the important
concepts and skills without unnccessary repetition. The
Mathematics Framework and the 1980 Addendum for
California Public Schools provides an excelient basis for
mathematics curriculum development and assessment within a
school plan, -

A comprchensive mathematics curriculum plan or guide
should: ’ "

i - .

e Include a statement of the school's basic goals for

mathcematics development, :

e Have an identified rationale for relating course content to

students’ developmental levels. ‘

e Be organized into clearly described levels that indicate
~ where concepts and skills arc expected to be taught by
! cach tcacher and how the concepts and skills taught at

onc grade level fit into those that follow. o

e Have an cffective 3nd thorough procedure for cxamifiing
and adopting instructional materials in mathcmatics.

/e Include a plan for enrichment activities,

e Include a plan for continuous cvaluation and

improvement.

Other indicators of a strong schoolwide and districtwide
plan arc identificd in Part 1V of this handbook.
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What to look fof:'

a. Do teachers, parents, students, and others play a
significant role in developing curriculum and .
planning programs? . ,
b. Does cach teacher know his or her role in
implementing the plan?

¢. Iy there a wrilten plan that mehawu mathematics
education and coordinates it with other subjeets and
other schooklevel plans?

d. Are the skills and concepts taught in special
cducation, hilingual cducation, compensatory
cducation, or other speeial elasses consistent with
those taughym the regular classes?

¢. Arc there mechpnisms for rcgul’ur communication
ahout the progfess of individual students between
teachers in spegial progmms and teachers in the
rcgul‘:r elassropms?

t 1y there dination among classrooms of the same
Jevel or courses so that students are provided
comparable experiences and skil development so
that unnccessary duplication of experiences and skill
‘development are wvorded? - '

g Are there mechanismis for communication among
schools in a distriet to ensurce that students recerve
preparation néeded th advance suwcssfully ) thc N
next level? .

h. Does a process exist for adopting instructional -; e
matcnals in mathematics and for examinming, on a '
rcguldr bases, the co cnt of the mathecmatics
program?

i. At the sccondary Jevel, do clective or ennchment
courses 1n mathematics have as rigorous a
cufniculum. as the requited courses?

) Do students with advanced %Il or interest have
()pport,unmcs for accclerated lcarning?

Remediation of l,earning Problems

When assessing a school's comprchcmlvc mathcmancs , . o+
curniculum, special attention should be given to its programs '
for remedial instruction, Thesc programs arc ecssential for
students who have not attained minimally acceptable levels of
proficiency 1n any of the skills and concepts from computing 4

through calculus.
The remedial program should cover the same content ag the : \

regular nstructional program, but it should 'be taught

differently. Remedial instruction should not be presented in e )i
the same way that resulted in previous unsuccessful learning, ‘
y
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In many instances, the
requirements for entry into
certdin arcas of study will
require high &chool students to
take mathematics courses
bevond those needed for
Kwu'ral admission 1o the

lH’lll ¢ run.

The content of the remedial program should also be organized
around clearly stated ob)ectlvcc and provide the students with
challenging.and interesting mathematical activities, Those '
responsible for remedial instruction should usc pracncal
applications of mathematics with other topics “‘which improve
students' attitudes toward the skills being rcmcdnated

-
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What to lbok for:

. Arc objectives in n_mcdml instruction designed to
cnable the students to advance into the mainstream
of thc(c rrculum?

b. Do classes for remedial instruction provide for
opportgnitics beyond the acquisition of computm&
skills?

c. Do teachers possess the, tuuhmg skills for providing
remediation, as demonstrated by their use of appro-
priafe materials and techniques? :

| d. Iy unnecessary drill;and "more of the same™ type of -
| reinforcement avoided by planning rainforcement -
activities, based on individual student needs and
+ interests?
¢. Are optional reteaching and remedial opportunities
available to students who fail to master the
{ mathematies skills the first time?

»

! {. As students learn more complex skills, do thu
: receive review. practice on previously learned. skills,
as needed” .
! g Arc studenty shown how previously learned skilly are
uscful for Tearning more complex skills”

Preparation for College »

A comprchensive sehool program should include the
nceessary courses for those planning to go to college. And 1n
? any instances, the requirements for entry™™o certain arcas
! "k studv will require high school students to take mathecmatics
& courses beyond those needed for gencral admission to the
| university. For example, all majors in the natural and hife
. sciences, engineering, and mathematics require calculus, Many
i social science de()rS require cither statistics or calculus or
' hoth., Careers 1n environmental sciences, dentistry, medicine,

. optometry, pharmacy, and biostatistics also require calculuy
. for undergraduates. Many students arc not aware that large
numbers of ficlds outside the natural and mathcmatical
sciences, often require caleulus or statistics as prerequisites.

In some high schools, it may be difficult to offer a full
range of rcgular and advanced mathematics courses cach year,
However, the problem may be resolved in a number of ways

Al
fuo




E

N

' /7
if.it is given adequate attention and planning. Some options
include: offering advanced mathematics on a two-year cycle;
providing for independent study, home tutors, or corre-
spondence courses; and permitting studcnds to cnroll in a
nearby collcge Brogram or cooperating with a necarby high
school to offer courses in advanced mathematics.

Recently, the. academic senates of the California Commumty
Colleges, the Callforma State University, and the Umvcrsny of
California declared in a position statement that thc minimum
proficiencies in mathematics and English~ffow required for
high schoo! graduation arc insufficient to prowdc students
with the foundation they nced to be successful in college and
university course work, The academic senates pointed out that
there are “varicd and complex causes (for the) underprepa-
ration of entering college freshmen.” However, as the academic
senates. pointed out, onc of the problems “is a lack of
understanding among students, parents, and cducators of the
compctencies expected of entering college students.” .
Rccognmng their responsibility for identifying such
competencices, the members of the academic senates
recommended the following as being necessary for ensuring

that college freshmen are adequately prepared in English and
mathematics:

. The curriculum for students planning to pursue a baccalaurcate
education should include at least four years of English and at
least three years of mathematics,
The academic program taken in the Senic
should include one year of Fnghsh and
mathematics.

3. Diagnostic examinations Lo asseys student competeneics in
English and mathematics should be given no later than the
jumior year in high school. The results of these examinations
should be used to counsel students concerning their study in
the senior ycar

4 The results of competency assessment in English and mathe-
matics of cptering students al the colicges and universitics
should be madc available to the students’ respective high

[

ycar of high schaol
ne yecar of °

schools so that appropriate cvaluation of instructional programs

. can bec madc.

5. Counscling of students and their parents concerning college
preparation should occur as carly as posqlblc to provide a
foundation for successful college and university study and to
broaden the spectrum of carcer choices. Early coumclmg 18
cspecially needed for groups which are now underrepresented in
California collcges and universities,

6 At all levels of cducation, from clementary school through
college, grades in English and mathematics should be bascd

- upon achievement rather than upon effort or attendance so that
students will receive accurate assessment of their competencics.

In their position statement, the acadcmic senates also out-
lined “the core of the ncccssary skills in English and mathe-
matics nceded by cntering college freshmen, regardless “of
intended major or the specific admission rcqulrcmcmq of the
institution the §tudent plans to attend.” The senates’ specific
reccommendations on mathematics appcar Appendix B to
this handbook. Jg
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A good mathematics program
will be most effective when
teachers present skills in
computing as enjoyable,
challenging, and necessary for
the achievement of other goals
that students wish to attain,

~~
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What to look for:

a. Do teachers and counselors have the latest
.information about college ‘preparatory requirements
and the courses which chparc graduates for many
of the major ficlds they 'will be entering? . :

b. Do college preparatory students know the coursc
requirements for their intended majors?

-

‘¢, Are college preparatory students given oppoTtunitics
to study advanced mathematics, including
trigonometry and other advanced courses in
mathematics?
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'Computing skills are csscntial in day-to-day hving, and they
require the person to have a thorough understanding of whole
numbers, fractions, and decimals, as well as- speed and
accuracy in adding, subtracting, multiplying, and dividing
whole numbers., A good mathematics program will be most
ffccu ¢ when téachers present skills in compliting as
cnjoydble, challenging, and nccessary for the achlc»cmcnt of
other Boals that students wish to attain,

The Teaching of (‘omputmg .Skillq

Skills in computing must be taught clm.fully at all levels,
and at the beginning the underlying concepts of the basic
skills must be emphasized. As students learn new skills,
tecachers must reinforce previously learned skills through a
program of carcfully planned practice that is closcly ‘related to,
but different from, the way the skills were learned initially. In
an cffective mathematics program, the teacher finds a balance
between learning experiences in which drill and memorization
arc cmphasized and interesting reinforcement activitics that
will challenge students to use their newly acquired computing
skills. The drills arc short and arc given daily as a
complement to other forms of practice. Some of the short

drills are “thought problems,” informal timed tests, and games

involving computation.

However, much of the needed practice can and should bc
provided through practical problem solving (which is related +
to different curricular activities), purposcful games, puzzles,
and mechanical or ‘ecctronic. calculators. For example, the
tcacher may usc newspapers and magazines to stimulate an

~“If-we-had-some-money day.” Students afg asked to determine

the price of their ideal kitchen, house, or ®gr from the prices
listed in a ncwspaper or a home builder’s guidebook. As
another cxample, the teacher may ask the class to choose




-

betveen receiving $1,000 ecach day for 31 consecutive days or
recciving | cent for the first day and doubliMg the amount

cach consecutive day for 31 days. The activity provides -
valuable computational review, and the conclusion‘is

fascinating. Exercises such as these provide practice while
relating to the types of situations pcople encounter in real life, -

j
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wilat to look for:

4. Arc group activites used daily for students to
praciee computing skills; ¢ g, nongraded timed
drills and chalkboard contests?

b Do students play purposeful games of computing;
¢ g, dominoes, cribbage, and tcuchcr-comlrucu’:;
gamey?

¢ Do students have interesting indivigual practice? bor
cxample ,
{11 Compfeting or canstructing magic sguares

s (2) Completing number sequences with hidden
patterns 4

) ,l)ccod;ngq|ddc'n messages In problem séty
(4] Figuning totals on hypothetical restaurant menus -

\ (5) Computing, with decimals, a tax table or a deht
amortization table  * ‘ ,
" {6) Using {ractions to compute earmngs from .
S houfly, weekly, onmonthly wage scales

{7) Making attendance Yeports, inventory reports, A good mathematick program

i and other numenical réports for the school - will "_'!f"‘{‘" many varied
(K) Constructing scale drawings or maps that involve activities in which students must
multipheation use skilla of eatimating 7
reasonable answers to problems
, 7 , ) : and doing arithmetic mentally.
Estimation and Mental Computation , .

A good mathematics program will include many varied

activitics in which students must usc skills of estimating -

rcasonable answers to problems and doing arithmetic mentally

without pencil and paper. The current growing use of -

calculators increases the nced for good cstimation ability so -

that students can catch “calculator” crrors. (Additional

discussion of calculators is given on pages 36 38.) Students

who have mastered the skill of estimation can Ahi:)crminc ‘ '
“w-~whcther an answer 1§ rcasonable, and they arc rc hikely to !

check the accuracy ‘of their work than they would have if they

had not acquired the skill. At all levels of mathematics, .

students should,be taught scveral strategies for cstimating - '

answers, and they should be given much practice in using the

strategies YIn assigning problems to students, the teacher

should alternate between expecting students to check their

answers and cxpecting them to show cstimates for the ‘ v -
/ answers 0
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‘What to look for: S

a. In oral drill, do students get feedback and .
‘appropriate reiriforcement regarding how reasonable
* their answers are? : .

b. Are calculators used by students to check their
. estimates of answers' to complex problems?

, : ’ c. Arc estimates made by rounding the original
. . ~“( numbers to one or two significant (nonzero) digits?

' ’ N d. Are students shown how to use visual represen-

' - " . tations to check the reasonableness of their

answers? For example: : S
N (1) For multiplication/division, the visual repre-

sentation may be used for the area concept,

jumps on a number line, or scale factors. o
-(2) For addition/subtracti‘o}n, students  may refer to .

an abacus, length units of measureme

L ’ . nt,
\ e ' < ‘counting tiles, and fraktion circles. /

R4

The authors of the Mathermalics Framework and the 1980, .
 Addendum identified four essentidl problem-solving/application
’ ' - A skills: ~ — .

' Formulating, thq problem
Analyzing the problem - 3
Finding the solution .
Interpreting. the solution!

Formulating problems-is crucial for ‘day-to-day living,
because problems encountered eutside school are %sually not
packaged .neatly~in textbook language. Students must learn to
ask -questions, " clarify relationships, and determine what
information is needed. For instance, a real-life situation, such
as planning a.sprinkler system for a yard, will challenge
students to describe the problems inherent in doing that job.

Analyzing problems involves identifying the features that are '
significant to the central problem and planning strategies to
deal with’them. Planning might involve guesswork, estimating,
drawing diagrams, creating concrete models, listing similar
elements, or breaking the problem into manageable parts. ..
= v The last and most crucial step in problem analysis is
: ) : translation of the problem into mathematical symbols, because
. ‘Tugnf‘));‘:\'—rﬁﬁ).:may:r’:;r“l6('.:%';‘?’431;:[;;2';"%‘:;2' it demands 3n."explicit»déﬁnition of the.problem and selection

' schoots - . | of an appropriate strategy- (pr,.the solution. It alsodemands

. 3

risk” taking. ' R .

o
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'Probablll.ly and Staustics
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Arthmetic Numbers

and Operations

Measurement

Calculators’Computers
elations and Functions -

Logical Thinking

L Geomom}

i

3
.

] . ) . » ‘
| Mathemgtics Framework and the 1980 Addendum for California- Public Schools.
Sacramento: California State Department of Education, 1982, p. 62.
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'lnstructlon Students) must lea~r\

-

Finding solutions requires mathematical skills beginning with
an understanding of number properties and operations.
Students should learn that some problems have several-
solutions and others may have none. Estimation should be
used regularly with all problem-solving exercnses so that
students will learn to check their results. '

“Interpreting the solutions should occur at all levels of .
to review the problems and
solutions, to judge the validity of their translations to
mathematical symbols, and to check the accuracy of their use
of mathematical rules. Further, students should learn to make
correct generallzauons from their solutions and to apply the
results to solving more compnex problems,

What to Ionk for:

a. Do students have pracuce formulating problcms"

For example:

(1) Does the teacher include discussion of real-life
jobs and problems as a regular part of the
curriculum?

(2) Are students expccted to complete homework
exercises that are not identical to the examples
given in class? '

(3) Are stulents encouraged to formulate solvable
problems?

(4) Arc conditions and numbers in word problems

- changed to create new problems from old ones?

b. Do students have practice analyzing problems? For
example: : ;o
(1) Are problems assigned that require students to
draw diagrams,\create concrete models, list
similar elements, break a problem into parts,
discover patterns and similarities, seck
_appropriate data, and experiment with the
models of a problem? - .
(2) Do students translate verbal expressions into
mathematical symbols and terms? .
(3) In class discussions and homework assignments,
does the teacher use concrete problem situations -
that are not already clearly defined and
translated into mathematical equations?
" (4) Do the teachers encoyrage students to work.in .
small groups to dramatize problems, construct
. models; list elements, and so forth?

¢. Do students have practlcc finding the solution to
problems? For cxamplc
(1) Do teachers give assignments’ that require S
students to use a variety or combination of the :

basic skills and mathematical prqcesses; i.c.,
: /

Q . ! A -
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LEONHARD EULER
17071783

Leonhard Euler is considered
by many to be the most prolific
mathematician of all time. He
published material in every
branch of mathematics, and his
contributions to the calculus are
universally recognized.
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Students are given opportuiiities
to defend their solutions rather
. than being told flatly that they
: : : are wrong.

ERIC .

=

'some problems in a set rcqui’re subtraction, some
require addition, and others require both?
(2) Do teachers use problem-solving activities to .
help students ‘develop all skills and concepts? . ~
*(3) Is the use of estimates and guesses encouraged ,
to. test the reasonableness of answers?

d.-Do-students practice interpreting the_solutions .to
problems? For example: IR

(1) Do students demonstrate and explain to each ‘ ”
other how they found the solutions? '

(2) Do class discussions focus on interpreting the
solutions with’ questions guch as .the following:
Was the problem solved? What does the solution
mean? Was the best approach used? Would
another approach work? Can the solution be
used in solving another problem?

(3) Are students encouraged to look for different
ways of thinking about a problem that may
sometimes result in a different.answer?

(4) Are students given opportunities to defend their .
olutions rather than being told flatly. that they
are wrong?

l)
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The Methods
of Teaching Mathematics
(How Students Learn)

o Bt
TR,

Ultimately, the quahty of a mathematics program is only as
good as the teachers in that program, Each student should be
presented with exciting- and successful experiences in
mathematics, and no one method or approach will work for
all students. Each teacher must therefore make use of a full
range of strategies and devices that can be matched to the
students’ learning needs, to the students’ expressed interests,
and to the content of the mathematics program. '

In assessing the methods used in a school’s mathematics
program, one should censider carcfully the following three
clements:

® [earning styles and"leachmg strategies. The teacher
employs a varlcty of strategies and instructional processes
to enable cach®student to learn succcssfully the
mathematics content. :

The effect of attitudes on achievement. The teacher
motivates the students to learn mathematics by providing
them with daily opportunities to feel that they are both
successful and challenged in mathematics. The students
arc engaged in meaningful and productive learning tasks
during the entire time that is allocatcd for dally "1
mathematics instruction. .

Calculators and computers. Mathematics teachers make

use of. calculators and computers cteatively to lead

students to a better understanding of mathematical

processes and problem solving while supplementing and
. rcmforcmg other mstructnonal actnvmcs

"'Lsm- and r

In a high. quality math&maucs program the tcachcr sets the
stage for students to explore, discover, and learn mathematics
concepts in meaningful ways. To be an effective teacher of
mathematics, the insfructor must know mathematics; the
students’ mathematical abilities, interests, and learning styles;
and the ways to teach that make appropnatc use of a,variety
of materials and stratcglcs
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Each teacher must make use of a
full 'range of strategies and
devices that can be matched to
the students’ learning needs, to
the students’ expressed interests,

and to the content of the

mathematics program.
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Students vary widely with respect
“to experiences, feelings, interests,
capabilities, rates at which they

learn, and ways in which they

prefer to learn. .

Differences in Learnmg Styles

Students vary widely with ‘respect to experiences, fcclmgs
interests, capabilities, rates at which they learn, and ways in
which they prefer to learn. Because of these differences,”the
instructional materials and processes should be cqually leCl‘SC
Over a ‘period of time, students should be involved in a wide
variety of activities, including teacher-led dlscussmns
assignments from textbooks; student-led discussions; mdlvndual
or small group-work on projects; experiments using
manipulatives; activities that involve collecting data and
making graphs; use of audiovisual materials; involvement in

mcanmgful games; and outdoor cxperlmcnts However, it is

essential that every activity be purposeful and designed to help
students learn specific skills or concepts. Diversity of activities
_)US[ for the sake of variety is of limited value to students.

“Students should learn how to use available resources for
extending their, knowledge both in and out of the classroom.
Because the teacher’s knowledge of the subject is usually the
best learning resource in the classroom, care must be exercised
to avoid student dependence on the teacher's authority and
knowledge. Teachers should make a conscious effort to seck
out and make available sources of information that will help
students learn to formulate their own questions in such a way
that they can find the answers independently.

Effectlvc teachers use direct teaching to the entire class
when it is appropriate; for example, introducing a new topic, -
clarifying a concept about which most of the class appears to
be confused, and explaining an example. Teachers may also ’
use direct teaching for demonstrating a skill and, in so doing,
model the, desired behavior that the students are trymg to
learn. For example, in solving a problem which no one in the
class can do, the teacher may say, “l wonder if this problem
can be split into easier ‘parts?” or “Shall | draw a diagram?”’
or “Should | make a table?” Then the teacher thinks aloud
while making a decision.

et
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In.a high quality mathematics program, teachers can be
observed using student interests as a way of reinforcing the
usefulness of mathematical concepts. For example, students
who discuss cars may be challenged to develop charts or
graphs comparing the cost and efficiency of various models.

Students’ interests 'in career information may be used to
stimulate new areas of study. For example, tours of local
businesses and “industries, presentatlons by speakcrs who use
mathematics in their work, and participation in work- related
programs can all serve to reinforce learnmg and motivate
study.

What to look for:

a. Does t_hc' teacher know each student’s background
and interests?

b. Are classroom activities and materials diverse and
selected to meet the range of the students’ abilities,
language skills, interests, and needs?

"¢. Do the teachers use direct teaching to the entire’
class when it is appropriate and when it will help
them adhicve the instructional objective?

d. Does the teacher in his or her regular classroom
instruction use a wide variety of approaches? For
example:

(1) Large and smdll group instruction
(2) Lecture or expository mcthod

(3) Media presentations

(4) Mathematics laboratories .
(5) Computer-assisted instruction.

(6) Role playing

(7) Group work and peer mstructnon
(8) Programmed instruction -

(9) Scientific inquiry

(10} Drill

(11) Individual instruction

e. Do students receive instruction in a Ianguagc they
understand?

f. Does the teacher explain the purpose of cach
activity and relate it to the needs, strengths,
interests, and learning styles of the students?

g. Does the regular instructional plan provide students
with opportunities to pursue special -intérgsts in the
classroom setting? For example, self-sclection
acnvmcq ¢hoice among altcrnauve achvmcs and
individua) projects, .

h. Does the curriculum provide for special interest

activities that are related to learning objectives? For
example, a project to construct three-dimensional

ERIC - o P
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In a high quality mathematics
program, teachers can be
observed using student interests
as a way of reinforcipg the
usefulness of mathematical -
concepls.
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Fach teacher should have a
number of imaginative ways to
assess accurately and effectively

_the entire class quickly and

frequenllY

Mix” a concept in’ their

own words, to give an

gcomctnc models. aids in the understanding of ¢
geometric figures studied in solid geometry. -

I 8

Student Assessment .

1

Before’ an “effective instructional program can be designed,
the tecacher must assess the individual learning characteristics
of the students, determine the students’ previously acquired «
abilities, and discover the special interests that can be tapped
for motivational purposes. This assessment should include the
use of a wide varicty of diagnostic assessment tools that are
available at all grade levels. These tools range from |

- ‘standardized, nationally normed tests to less sophisticated

verbal mecasurements, such as Oral interviews and discussions,
In any casec more than onc form of assessment should be used
to ensure accuracy of information for cach student. (In
agsessments of limited-English-proficient [1LEP] students, care
should be taken-to ensure that it is the students’ mathematical
skills being assessed rather than the studenty’ .nblhlu.s 0 .
understand English.)

Teachers should make diagnostic assessments L()nllnu.m» to
provide important information about student understanding,
Based on the assessment information, teachers decide on the
use of alternative instructional approaches, variations in
student gr()umngs the need for remediation, or advancement
to a new topic. Fach teacher should have a number of
imaginative wuys 1o assess accurately and cffectively the entire
class quickly and frequently (in less than ten seconds every
few minutes), These include “thumbs up or thumbs down” in
silent response to a yes- or no guestion; cach student
responding on a slate-like board which he or she holds up at
a given signal; and color-coded cards for students to hold up
to signal their mental state  red for “I'm confused,” yellow for
“now | get it,” and green for “hurry up, I'm ready to do the
assignment.” : ‘

Another effective assessment
strategy is one that not only
provides for students to
respond but also encourages
students to internahse or

minds. For this strategy,
the teacher asks everyone 4
to concentrate on a ”
specific ided for

30 seconds  cyes shut,

no pencils, no talkidg,

no rcading. After

30 scconds, students

are called on or

volunteer to explain

the concept in their

Ju
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application of the concept, to tell how the concept is related
to some other concept, or to do some similar task. For

" ‘example, when a geometry class has been introduced to the . -
notiens of point, line, and plane, the teacher says, “Now '
concentrate on what you have just heard about points, lines,
and planes, and in 30 seconds I will ask some of you to tell
us how they are alike 'and how they are different.” When this
‘strategy is used regularly and frequently, as it should be, it - &

will become increasingly effective. oo

)
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What to look for: L 7
. N .
a. Arc there established assessment procedures for - ,‘-\,r
diagnosing students’ nceds prior to the placement of . (" \#
students in courses or the use of instructional ’ Ao’

materials?

b. Do teachers have cstablished procedures for
determining students’ arcas of interest? For cxample,
through:

(1) Observation techniyues

(2) Intcrest inventorics

(3) Discussions on hobbics, carcers, and so forth
(4) Informal conversations

(5) Analysis of student questions

c. Arc a broad range of performance assessment tools
. uscd regularly which allow for differences in
students’ learning styles? For example:

(1)
(2)

Regular homework assignments
Oral demonstrations

(3) Teacher observations

(4)
(5)
(6)

Commercially preparcd tests
In-text tests

Teacher-prepared tests

ERIC
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(7) Checklists
(8) Interest/attitude inventorics
(9) Attitude-behavior-discipline reports
- (10) Interviews, class or small group discussions
(11) Criterion-referenced tests tied to performance
objectives
(12) Student projects

d. Arc limited-English-proficient students assessed in a

language they understand, and do they receive
instruction through the use of materials in their

primary language, bilingual tcachers, aides, tutors, or

peers? : :

i

c. Arc assessments of progress free of language and
cultural biases?

f. Do teachers analyze student crrofs to assist them in
diagnosing? For example:
(1) Basic facts or errors in computing procedures

34
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. (2) Errors that occur repcatedly and indicate a g
misunderstanding of concepts . ‘?

g. Does the teacher frequently use whole-class
assessment strategics that determine whether every
student is following the lesson or whether a change

. in tcaching strategy is nccded? »

Keeping ilecords of ltudent Progress

Students need to be kept aware of their progress toward the
mastery of prescribed mathematical skills and concepts, -
Progress records should be based on many. different forms of .
" assessment and may vary to accommodate teachers’ "o '
A _ : s 1 preferences’ - . ' '

. B Asscssment records should include a detcrmination of which
skills and concepts have been mastered and. which need more
study. By kecping the records up-to-date, the teacher may usc
them for giving positive rcinforcgment when students show
good progress and for assigningipproprialc learning activitics.

At age ten, the famous German
mathematician, Karl Cauiss,

astounded his teacher by A e dh i enana o g P
discovering a short cut [o‘r 13. """m 0!”’0’ m Mxtimd )
adding the whole numbers to SR Wf o o e IS
50 .an assignment meant to keep ,
the precocious student occupied, ’ ) : , .

What to look for:

-

a. Arc progress records kept for cach student and
checked frequently by that student and the teacher?

b. Arc progress charts maintained, and can students
explain’ what they mcan? _
: ¢. Arc parents informed regularly of their child’s
i progress in learning mathematies skills and concepts?
d. Are both speed and accuracy of the student's skill in
computing included in the progress record?
¢. Doces the amount and level off practice assigned to
. cach student vary according to the individual’s
progress?
{. Do studenty take timed tests to assess their retention
of computing skilly learned previously?
g When a student’s retention falls below the acceptable
Jevel on speed or accuracy, are practice activitics
provided?

The Use of Manipulative Materials

RARL r‘ymunnu;n.(.u o , , of all thc"planping that scts ,thé stage f:()r a good lcarning‘\
e om0 . expericnce, nonc' is more central nor crucial than the teacher’s

' plan for presenting the lesson. Even here, the sclection of the

topic, the objectives, the asscssing of the students’ under-

~ standing, and the organizing of the materialy and class-

® ' rpom may overshadow the concern for how the students will

' build the bridge from the familiar to the unknown; in other

E l{kl)‘(:i ’ 7 ‘I} o) :
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wor?s, from what they already know to what they should
learn. Teachers should be familiar with ‘current research in
education on ‘effective bridging strategies in order to plan their
lessons cffccuvcly Onc particularly propitious example of the
research is Jerome Bruner's three learning stages a widely
accepted, but often ignored, thcory that supports classroom
use of “hands-on” materials,

In his book, Toward a Theory of Instruction, Mr. Bruncr
identifies these stages of learning: concrete, representational,
and 'symbolic. That is, students should lcarn a mathematical
concept through experiences with concrete, three-dimensional
objects (manipulations); then with representations of the
physical objects (for example, "pictures); and finally, with
symbols to refer abstractly to the concept.!

Teachers should haye a commitment to using manipulatives
to the students’ best advantdge and should demonstrate
creative uses of manipulative materials. In the carly grades,
some possible activities in which manipulatives may be used
include: (1) 1dcnt|fy|ng likenesses and differences; (2) classifying
and categorizing ochcts by their characteristic features; (3) com-
paring ohjects by size; (4) grouping objects; and (5) ‘making
conjectures based on the manipulations.

The use of manipulatives should also have a place in
intermediate and higher g,radcs both in discovering new
concepts and skills and in providing remedial help. Colored
rods, base-ten blocks,. and graph paper should be used to
illustrate propertics of whole numbers, the concepts of
fractions, and the relationships between fractions and decimals,
Paper folding can also be used to illustrate geometric concepts
and some arca formulas (for example, parallclograms and
cireles). Pipe cleaners and a sheet of cardboard can be uscd
cffectively to illustrate three-dimensional concepts introduced
n a high schoo! geometry course.

What to look for:

a. Do studentshave access to.three-dimensional models
or famhar (;#ccls as a regular part of their
mathcmatics instruction? For example, engines,
model kits, mathematical manipulatives, objects to
measure, and geometric forms.

b Do teachers ask sequences of questions that lcad
. students in mnkmg the connection between the
*concrete and the abstract?

¢. In the prlinnfy gradcs,» is the teaching of place value
and addition of multi-digit numbers developed

“Jerome Bru}r Tnward a Theory of Insiruction New York W W Norton and
0, 1966 :

Q
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TANGRAM PUZZLE

Teachers should have a
commitment to using
manipulatives to the students’
best advantage and should
demonstrate creative uses of
manipulative materials. For
example, teachers could ask
their students to cut out the
pieces of the tangram puzzle
{above) and use the five small
pieces to form a square. Then
the students could be asked
whether they could place the
two large pieces around the
square to form a triangle, a
parallelogram, a trapezoid, and
finally a rectangle,

27




x

through the use of manipulatives? For example: -

(1) Students represent two-digit numbers with place
value materials, such as bean sticks or basc-ten
blocks.

(2) Students play “trading” games,

(3) Students add two-digit numbers by manipulating
‘place value material, regrouping, or trading when

» . : appropriate, ‘

. ’ : (4) Matcrials arc available for students to usc, as

: needed, in computing standard’ problems,

d. Is the concept of fractions devcloped through
activities based on concrete objects? For exgmple:
(1) Fraction “pies,” strips, or sguarcs
(2) Parts of scts or groups of objects
(3) Number lines or “clock™ circles
(4) Colored rods -~

. | ¢. At the junior and scpior high school levels, do
i = . students have opportunitics to reestablish previously
tearned skills and concepts through conerete physical
or visual models?

f. Is the relationship of mathematics concepts to “real
life” situations.continually emphasized and

Peer d;t‘scl«;uivns roinji'nrce' ) demonstrated visually?
learning by challenging students S . )

i ,-K £ - g. Arc topics taught so that students “discover™ or

1o exchange viewpoints and ! L g} . ; Rt

o i T i sce” matheatics coneepts before the teacher

andlyze possible strategies or ! L S o o
. o introduces a mathematics rule?
solutions. '

| Grouping of Students .

i Group work, often a useful approach to learning, should be
flexible and should be based on the interests, needs, and
learning styles of students. Generally, the options for grouping
students in a class include discussion with the whole group,
small groups, and individuals. Each option is more
appropriate than the others for certain students, Pecr group
work often provides the teacher with time for individual or
group remediation. More importantly, perhaps, peer
discussions reinforce lecarning by challenging students to”
cxchange viewpoints and analyze possible strategies: or
solutions, thus developing and sharpening their logical or
critical thinking skills while increasing their abilitics to
communicate with the language of mathematics,

15, ,AieﬂMwmedinq;vmidyofwmrs'
toreinforce learning? . '+ " .

\

' v What to look for: : oot
1 . . * * )
a. Docs the teucher use groupings that are hased on
. the assessment of the studenty’ learming styles and

related to the lesson objectives? For example
(1) Small groups in the regular classroom
(2) Tutoral progriams

(%) Use of resource teachers

'S
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(4) Mathematics labs :

(5) Instructional aides "
(6) Cross-age tutors

(7) Alternative classes

(8) Programmed texts or materials

(9) Mini-courses ’

b. ‘Do students reccive instruction with the whole class
at apprapriate times, such as when;a concept is
being introduced or when groups want, to share
information or results from a small group or -
individual project? '

¢. Do students work in small groups when it is
, appropriate? For example: oL

(1) To prepare for debates and pancl discussions

(2) 1o solve a problem through brainstogping,
diseussion, and an cxchange and analysis of °
ideas :

(3) lo collect, organize, and represent data or a
graph or report

(4} To receive instruction that is appropriate to their
fevel ‘

|

(5) To do skill reinforcement activities, such as peer

teaching and games &
(6) To receive remedial instructfn

In a high quality mathematics
program, the téacher presents
appropriate? For example: ! challenging projects, asks

d. Do students work individually when it is

(1) A follow-up ussignment for a difficult coneept
(2) Practice for needed skills
(3) A report on an area of interest

stimulating questions, and poses
* meaningful pFoblems with equal
frequency 1o students of all

¢. Arc students encouraged to work together to ability lecels.

~cxchange and analyse various problem-solving l
strategies or solutions? '

[

The Effect of Attitudes on Achievement

[carning does not “just happen™ through the application of
a few learning theory principles about achievement and
concept development, By creating an expectation of maximum
achicvement, providing for success and challenges, providing B »
for preductive lcarning time, and assigning homework, the
teacher motivates students to rcach their potential achicvement
fevels, '

Effect of High,Expé‘ctati,ons on Motivation -

.Studies consistently show that student achievement levels ‘ .

- are noticeably affected by tecacher expectations, T'eachers must ' ’

honor cach student’s tight to work up to his or her maximum : ¢
potential, In.a high quality mathcmatics program, the teacher _ )

presents challenging projects, asks stimulating questions, and

poses meaningful problems with cqual frequency to students of

all ability levels. ' i

: In addition, teaching is not cffective in an undisciplined
atmosphere. The creation of a productive and cffective

RIC | - o
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learning environment requircs an uncompromising under-

—

standing from the first day: the teacher has the respon-
sibility to create such an environment, Then, step by step,
the teacher and the students build the desired environment in
the cldssroom, Teachers can convey high Cchclduons for .
achievement while building an cffecuvc lcarning environment
in a variety of ways; °

e Set and maintain classroom standards for discipline,
punctuality, time on task, completion of work, and
maximum cffort applied to the tasks, .

e Sct an example for effort by bcgmnmg lessons on-time,
and being prepared. :

e Rcinforce cxpected behavior and take time to discuss
below-level (or inadequate) effort in a positive attempt to

. ’bring students up to expected levels of anhncvcmcnt

To be motivated, students must be active partncnpanls in the
learning process. Even in remedial, basic, and cnrichment
instruction, a high level of rigor is oftgn the challenge that
students need to becodme active -participants, Encouraging
students to idéntify the steps in. their thinking processes also
increascs participation, To ensurc continued involvement,
tcachers should focus on the posmvc progress the student
makes, not on the unsuccessful attempts, For cxample, a
struggling student may be encouraged and motivated by being
reminded how far hc or she has progressed rather than how
he or she compares with the top student in the class,

w " ) 7
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What to iook for:

a. Do teachers expect all students to achieve? For
cxample! arc the concépts, values, -skills, and
knowledge acquired by students in special classes,
such as special cducation, compensatory cducation,
and bilingual ¢ducation, the same as those acquired
by students in the regular classes?

b. Docs the tecacher demonstrate a béhief g the
students® abilitics to do the work?

Y0 teachers call on low achievers as frequently.as -
on high achievers, and do they allow sufficient time
for responding? ' :

d. Docs the teacher work with |ow achievers 10
determine the reason for lack of progress and to
redesign their study pro‘grams”

c. Do the teachers sct a standard for cxcellence that
they themselves model by being prepared for cvery
lcsson. and beginning cvery class on time, by
promptly correcting and rcturning ‘quiucs and

A Jsf |
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homework, and by spending the cntire class period
actively teaching?.

f Iy there a pohey for umform and fair enforcement
of behavioral standards? -

g Are there written schoolwide class standards for .
‘workmanship, punctuality, and behavior?

h 1y there a uniform schoolwide pohicy on grading,

and do studenys and parehts know the amount and

guality of work nccessary for a student to receive a

specific grade? ’ ' '

»

1. Do teachers, parents, and students know what -
behavior 1y expeeted of them?
1. Does the administration support teachers in thar
efforts to entoree the adopted standards?
K Duoes the teacher encourage students to make
suggestions and to ask questions, and are studenty’
ideay meorporated in lectures and discusdrons?
L Are students nvolved in the learning, proces? For
example, do they diseuss problem-o9et¥ing strategics,
pose guestions, and encourage cac

Success and Challenge in Stimulating Learning <

High cxpcclzni_(.)ns are not the only ingredients.geeded for
creating motivation. Teachers must also design th.fi,r lessons
and teacbing strategies so as to facilitate student success. For

_fexample, exams or assignments should be returned with
written comments that indicate what was done well or

commendably. Another helpful strategy is discussing with a

student the accuracy and rationale of his or her verbal

responses.

I essons should also be sequenced so that every student
obtiins some lvel of success on some of ghe problems. For
example, a gcometry problem should require the use of more
than onc skill. Some students might have success by
ilustrating the problem; others, by posing questions. At the
high school level, a gecometry problem might be a proof with
sections to be completed or a proof with an crror to be found
and corrected. ' _

Arranging for cach student to have opportunities for success
may not be always easy. However, such opportumitics: are

more hkely to occur if there is a structure that provides for
_ubjeetive mcusu‘rcman/s(udcn( achicvément, timely diagnosis
o neced when studentdfail to achieve, ‘and, ' if necessary,
appropriate alternative instruction for remediation,

Students draw conclusions about their chances to succeed
from the actions and remarks of tecachers. When teachers have
clear instructional objectives and share them with the students,
cveryone has a bettgp perception of when success is ncar o
has been achieved. At the clcmcn?'a,ry level, teachers may begin
a lesson by communicating to the students the purpose of a
new cxercise, for example, “Today you are going to lcarn how
to use a number hine to help you see that multiplication is

Y 4
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“T'ry to read the faces of vour
students, iry to se¢ their expecta-
tions and difficultics, put
cvoursell in their place.”

TR MATHEMATICAL DIMTIVERY
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. - L "similar to repeated -addition.” At the secondary level, the

W _ - | teacher may rémind the students of how the day’s assignment
v relates t6 an gngoing achievement objectlve When students
¢ know why they are performmg a certain operation or
* ‘practicing certain exercises, it is more likely that they will"
attend to the task conscientiously and thereby increase the *
likelihood of success. .

Also, in hlgh quallty programs, teachers use a var1ety of

T o | resources for giving students challengrng and interesting_
-, e : . “experiences. For example teachers may use the skills,
. § + backgrounds, and interests of other faculty or other
. T — o community members to show students the rewards of learnmg
. o and to model high achievement and enjoyment of

mathematics. For example, a parent who, has traveled to

. Egypt may share his or her knowledge of the engineering of

g the pyramids with a geometry class, or a woodshop' teacher

“ who has worked as a carpenter may discuss career options

and uses for mathematics in the building industryy These

presentations might then be followed by assignments that -
requlre independent study or group projects that capltallze on

- S “ high "interest levels.

" \ -In order to develop a pos1t1ve attltude toward learnlng,
student needs to know that successful performance is a - .
legitimate, hard-earned achievement. High scores on easy

i | examinations are not likely to build a sense of competence. .’

. _ \ v

What to look for:

a. Does the teacher take advantage of correct
’ responses to build sclf-confidence and success?

b. Does the teacher treat students’ lncorrect responses
with sensitivity? .

. ¢. Do students receive regular assessments of their .
: achievements and progress toward mastery?

d. Do the students find out whether their answers or , '
. . statements are right, almost right, or wrong?

. e. Are assignments ‘graded and returned promptly?

A parent who has traveled to ’
Egypt may share his or her .

. knowledge of the engineering of
the pyramids with a geometry . g. Arc students encourag.ed to set personal goals
class. ) related to the mathematics curriculum?

f. Are students made aware of the goals they are
trying to achieve?

. . 4
h. Is a large portion of the students’ time spent
working on tasks that lead to success and legmmate
feehngs of competence? . :

. Do asstgnments have graduated levels of challenge

(some success is possible for all, and everyone is -
challenged)?

v




EUZLID
v o s
- i
j. Are students encouraged to work on projects for
extra credit and enrichment? .

k. Are tests designed to cover and reflect the level of
the mstructnon"

. Are the objectives of cach lcsson clearly
communicated to students?

_ m. Are community resources |dcnt|ﬁcd and utxlxzed to
extend clcfisroom learning and to model
achievément and enjoymeént of mathematics?

n. Are commﬁnity'intcrests tapped to promote student
growth and achievement; c.g., donation of computer

time by public agencies, prxvatc industry, univer-
sities, and_ colleges?

Adequate and Prt’iuctive Learning Tjme

'A crucial component of the mathematics program that
directly affects student attitudes and achievement is the
amount of time students spend studying mathematics.

However, a clear difference exists betweensthe time allocated

to mathcmatlcs_and the time students ‘spend working
productively on jthe subjcct It is understandable that there
may be discrepancies in the time devoted to learning
‘mathematics among different school sites, gradc levels, and
even classrooms at the same grade level. It is csscntlal that
differences in time allocations be carcfully scrutinized; and
those”differences should. be minimized by having schoolwide

-agreement on allotments of time and by setting an equitable

school schedule. )

An important part of learning mathematics is doing it. In.
an effective mathematics program, students are ‘actively and
~ positively involved in the learning process. The time spent
watching and listening in class should be balanced with the
time spent asking questions, responding to questions,
interacting, and writing or recording. Drill and practice, a.
daily necessity, should be provided with a clear cmphasis on
both developing skill and maintaining interest. In review
exércises, students should have to think about mathematical
concepts rather than operate in a mechanical way.

More important still, to make the time given to mathe-
matics productive, tcachcrs should rarely or never assign

Q
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: rAltho-l'igh often quoted as,

“There is no royal road to
learning,” the original, as
written by Euclid, read, “There

.is no royal road to geometry.”
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whole paggs of essentially the same problem; for example a
page of adlition of two-digit numbers or a set of 'word
problems whose solutions requnre that the smaller number be

subtracted from the larger number.-Students should learn to
+ select the appropriate arithmetic operations rather than follow
examples blindly. '

What to look for:

“a. Are students actively involved in mathematics study
for the entire allotted”time period, or do they
spend time waiting for assistance or information,
copying material, preparing for study, or engaging in
" off-task activities? PR

_ b. At the clementary level, is there an agreed-upon
v - time -allocation for mathematics at each grade level? ¢

s c. ‘Do teachers honor the agreed-upon time allocation
- for mathematics?

' . d. At the secondary level, are class schedules adjusted
1 to minimize the loss of instructional time because of
scheduled interruptions, such as assemblies, fire
drills, sporting events, and school plays? ’

A “e. Are students assigned interesting tasks related to the
\ instructional topics while the teacher takes
’ attendance, signs passes, and so forth?

- , : f. Is the teaching well organized, sequential, and
. ‘ direct?
; g. Does the tcdgﬂel) give clear directions about the
o _ goals of the lesson and set clear standards for the
' students’ role in cooperating to achieve the goals? _

: ' h. Is lecture time balanced with the time spent asking
questions, responding to questions, mteracung; and
writing or -recording?

i. Does direct instruction and student participation

i . predominate over drilt and desk work? :

An important part of learning j. Is a reasonable time limit set on achieving objectives |
mathematics is doing it. and accomplishing tasks after initial instruction has |
' been completed? o |

o ' k. Are transitions from one subject or period to the
\ ' . + - next accomplished with speed and a mmlmum “loss
of .instructional time? '

I. Do the teacher’s assignments and behavior
emphasize the development of good study habits for '

° . : the students? For example:
(1) Students read and disguss directions.
A ' _(2{ Home study assignments call for the usc of a

variety of skills.

ERIC f s
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(3) The teacher draws on the students’ prior
learning; e.g., when asked, “How do I do6 this?
the teacher asks the student, “Tell. me what you
have already tried,” or “ldentify where you arc
having trouble.” .

The Role of Home Study

Home study is another important component of the .
mathematics program, as it extends the amount of time
students  spend in earning and applying mathematical
concepts. It also prepares students for the demands that will
be made upon them to think and work indcpendcntly in jobs
or in universities. Homework should reinforce the concepts

“learned in class and should be completed before class. In a
high quality program, class time should be devoted primarily
to interactions between the teacher and students or among
peers; so homework should be used in class only as a
discussion tool for solving problems and enhancmg the use of
the language of mathematics.

Home study is an important way of extending produc-
tive learning time. Thus, homework assignments should
be designed cdrefully to relate to in-class lessons and to
reinforce concepts and solving skills. This means that every
student should have a copy of the textbook to take home for
individual study. If students are to develop good study habits
that will transfer later to good career choices, it is important
that those habits be reinforced in-school. For example, "
teachers should encourage students to explain assignments’ and
ask students to restate written and oral directions in their own
words. .

There should be schoolwndc agreements on the purposc of

_ homework, the amount expected, and the consequences of not

completing the homework on time. Parents should be N
, informed of these agreements and how »they can help make
them work.

What to look for: s

a. Is most of the homework related to content being.
learned in the classtoom and designed to reinforce
the skills and concepts taught there?

b. Is homework an integral part of the
teaching-learning process? For example, is it assigned
in such a way that allows students to discuss and
respond to ‘what is expected, rather than as a
““‘parting shot” as students leave class? .

c. Do students understand the homework assignment? -

d. Does every student have a textbook which can be
used at home?

RIC-, + ~
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Homework assignments should
be designed. carefully to relate
- to in-class lessons and to

skills.

‘

reinforce 'c?}n
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cepts and solving
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Computer literacy includes
knowledge of a computer
language, mastery of computer
programming skills, and the

" ability to understand and
organize compulter data.

107134 RELLO
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. Do students complete homework problems,” as
assigned, and discuss them when necessary?

" f. Are parcnts provrdcd with suggcsuons and gu1dcl|ncs
on how to supervise and assist their children with

‘homework? -

g Arc there well-known and uniformly applied conse-
quences for not completing homework on time?

h. Are parents contacted when students fail to complctcé

homework .assignments on time?

i. Is there schoolwide agreement on the quanuty of

homework assigned?
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Calculators and computers offer a rich source for
mathematics learning expericnces. When these tools are used
creatively and in a timely fashion, they can enhance students’
appreciation for mathematics as a process while facilitating the

accomplishment of a variety of learning objectives;
Teachers in the school's mathematics program should be

responsive to-the fact that the use of calculators and computer
literacy will increasingly become a condition for employment

in both nonprofessional and professional jobs. Computer

Itteracy includes knowlcdge of a computer language, mastery
of computer progfamming sknlls and thc ability to understand

and organize computer data.

Use of Calculators and Computers

Great carc must be taken to cnsure that calculators and

computers arc employed to supplement and motivate student

learning. In a high quality mathcmatics program, their purpose
and neéd will be thoroughly discyssed and agrecd upon before
“ substantial purchases of hardware and softwarc are made.

Their use should be based ‘on clear educational goals rather
than.on an assignment of‘rcpetitive problems to “punch” into
a calculator or of nonproductive “playtime”

on a computer,

Calculators:and computers may be used cffectively for
reinforcement activities if the tcacher plans the activities to
gencrate interest and curiosity. For example, students may
lcarn about order of operations from the problem of

multiplying (/8075 + 35792) by 2. The answer to the problem

on a calculator, 107734, when turned upside down, is
“HELLO!™ This typc of cxercise can motivate students to

problems of their own.

It is imperative that the use of calculators and computers
_not supplant the learning of the cssential computing skills,.
Neither calculators nor computers arc substitutes for recall and

- work on a wide range of mathematical skills and to make up

understanding of the operations and proccsbcs they are

designed to perforin,

In addition, the instructional materials (software) selected .
for th¢ mathematics program should provide opportunitics for

a
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calculators ‘and computers: to be used as an.integral part of
mathematics instruction. Other specific uses for calculators and
computers in the classroom may be found on pages 75—83 of
the. Mathematics Framework and the 1980 Addendum for
California Public Schools. In a high quality mathematics
program, calculators and computers are used for:

» o Reinforcing computing skills
e Providing immediate feedback on mathematical processes
e Checking thg/accuracy of answers and locating errors
e Discovering concepts and relationships
e Providing enrichment opportunitics
e Applying problem-solving skills

"What to look for:

a. Are calculators and computers and accompanying
software selected and -purchased on the basis of their
potential fotr enhancing the objectives of the
mathematics |nstruc110nal program?

. Arc¢ there ledbhshcd criteria for textbook and mcdm
sclection that refer to the use of calculators and
computers at all levels?

:. Docs the program provide op’porlunitiu for students
to usc calculators and computers in all mdlh(.mdllCS -
okill areas? For example: :

(1) Motivation

2) Enrichment

(3) Problem solving

(4) Student assessment

(5) Drill and practice

(6) Apptication

(7) Reinforcement and review
(8) Development of new concepts

‘d. Do students demonstrate their knowledge of the
usefulness of caleulators and computers by using
them in practical ways; c.g.. checking the accuracy
of previously completed computations, working on
the data from newspapers, and checking bills from
utility companies?

. Are direct learning activities on calculators and
computers, such as programming, student
assessment, and problem solving, given more
emphasis than games and playtime?

. Iy there a well-designed curriculum that leads to
computer programming at the upper grade levels?

- Do the advanced mathematics courses offer students
the opportunity to develop programming abilities?

. Are the uses of computers in”socicty presented by
community persons with technical knowledge?

FRIC ) . 4t
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EVOLUTION OF THE CALCULATOR
FROM YAPIERS RODS T FHE
CRINTRATOH CALCTTATOR
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Skills Required by the New Technology

With incréhsed use of calculators and computers, it is

essential that estimation and mental arithmetic be cstabhshed
““as high priority skills that students néed to build rcgularly and

consistently, For example, most calculatofs do not supply
printout of what was entered; therefore, it is most important
for the user to have a 'sense for the approximate sizc of the
answer. Thus, it is just as important for students to learn to
estimate how big an -answer should be as it is to learn to use
the calculator to get the answer,

To use calculators and computers effccuvcly, students must
learn to use mathematical symbols precisely, and they must
learn that a dircct relationship cxists between mathematical
thought processes and clectronic processes. For cxample,
students who do not usc parentheses properly are made keenly
aware of the nced for such precision when they discover that
punctuation affects what the calculator or computer will, do:
In fact, if the users do not follow the required steps or -
mlsspcll words, the device simply refuses to respond. Such
inaction can be very cffective at improving the students’ desire
to be precise,

What to look for:

a. Does cach student have opportunitics for developing
a sense of the approximaice size of answers?

b. Arc students given cxpericnces that enable them to
sce what calculators and computers will ér will not
do if proper operations arc not obscrved?

¢. In courses or uniis dealing wnlh calculators dnd
computers, do thec teachers stress uscs, capabilitics,
limitations, mmconccpuons misuscs, and dangers of
the cquipment? : ‘




Support for Implementati()n
of a Quality Mathematics
Program -

Overview

In parts Il and I11 of this handbook, thec emphasis has been
on the actions in the classroom the part of the mathematics
Yprogram that serves the students’ directly. This part describes
the support system needed to enhance that service. However,
in the development of a support system for any instructional
arca, there are common considerations, and in this handbook,
the precepts that Seem to be most nceded in mathematics
instruction ‘'will be presented and illustrated with mathematics-
related examples, Mutual respect and support among
teachers, administrators, parents, and community form
the foundation of an cffective mathematics program, For
example, as students learn that mathematics skills arc
necessary to everyday life, they should sec that this skill
development is expected and supported at home, in the
community, and in all areas of the school program.

An assessment of the support for lcarning in a school's
mathematics program should include careful consideration of
the following clements:

o The school climate, 1t is |mportdnt that administrators,
tcachers, parents, community members, and students work
together as a team to coordinate resources and to
improve C()ntmually the quality of the mathematics
program,’ :

o Staff development, Each school site should hdve and
have maintained, an ()ngmng process in which instruction
ts improved through creative and stimulating teacher
training cxpericnces, 7

The climate of a success-oricnted mathematics classroom is
enhanced by the involvement of the many resources available
to a school, including faculty, parents, district and school
administrators, local businesses, local institutions of higher
fcarning, and professional organizations, What happens in the
mathematics classroom is not independent of cither what is
happening in the school or in the students’ homes.

Q
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Administrators, teachers,
parents, community members,
and students must work
together as acteam 10 coordinate
resources and 1o improve
continually the quality of the
mathematics program.
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HYPATIA OF ALEXANDRIA
178 418

Although regarded as one of the
great philosophers in history,
Hypatia of Alexandria, Egypt.
was also highly regarded as a

mathematician and astronomer,

She was a very popular lecturer

and became the most
well-known figure of the
Veoplatonic school in
Alexandria.

"

'The'lClimate of Achievement at the School Site

. At the school site, the cooperation of the lcaching staff and
admlnlslrauon is absolutely essential in crcating a high quality
program, In mathematics cooperation is particularly important
for: articulation among grade levels; attention to productive

* learning time; establishment and maintenance of classroom
control; provision of sufficient and appropriate. instructional
materials; assurance of ongoing contact with parents; and
maintenance of communication with various commuynity

L resources, !

Regular mectings between the administrators and all or part
of the faculty are important for discussing special problems
rclated to the teaching of mathematics. One of the issues the
faculty and administration should address together is the
cstablishment and maintenance of schoolwide standards for
attendance, punctuality, classroom bchavior, and academic
work. Procedures to ensure uniform, just enforcement of
standards should be regularly and systematically. dapplied,

Planners of an cffective schoo! program will also sce that
tcachers arc centhusiastic and intcrested in cach others’ tcaching
experiences. The-cntire school staff will reflect an attitude that
academic achievement is the primary.-purposc of the school
and that students have the right to learn in an atmosphere
where they are respected as people,

The school counsclor is an’ |mp0rtanl member of the school
sitc team, cspecially at the junior and senior high school
levelst Counsclors, for cxample, can assist parcnts and students
in making the best possible choices of classes; however, to do
that typc of counseling, they should be knowledgeable in these
arcas; (1) the content of the mathematics program; (2) carcer
and academic opportunitics; (3) the needs, interests, and
talents of the students; and (4) the mathematics that is neceded
for various carcer choices,

The nced for counsclors and tcachers to be knowledgeable
about thc mathematics requirements for college-bound students
is underscored by the vast number of students who arc
cntering colleges and universitics without the three ycars of
high school mathematics that is nccessary for the study of
calculus, a course that is required for over 75 percent of all
college majors.

Tecachers and counsclors should also encourage women and
under-represented minoritics to pursue more mathematics
courses in high school, The EQUALS Project at Lawrence
Hall of Scicnce, Berkcley, has dramatically called attention to
the way thesc groups have cffectively shut themselves out from
carecrs that rcquirc mathcmatics preparation, The correct
information on the mathematics needed for careers is available
through the National Council of Tcachers of Mathematics and
the Mathematical Association of America. Counsclors and
tcachers of mathematics should also scck feedback from
graduates regarding carcer and college preparatory
information.




What to look for:

a. Does a committee composed of school adminis-
trators, faculty, parents, students, and community . ]
members mect regularly to monitor and assess the { In an effective mathematics
mathcmatics program? , i - program, conlact with parents

. Arc there schoolwide standards for punctuality, ‘ occurs regularly, rather than
attendance, classroom behavior, and academic work? o Jjust when difficulties arise,

‘

Is there evidence that administrators set aside time
to maintain regular communication with the teachers
regarding instructional nceds, available services, and
support?

. Do the aides and volunteers have a clear under-
standing of the mathematics program and their
roles in supporting it”?

. Docs the mathematics program receive an equitable
share of the school budget?

_ Do counselors and mathematics teachers have
current information about carcer options and
university requirements related to the level of
mathematics taken, and are students given that
information?

. Do counsclors and mathematics teachers seck
information from former graduates about how the
school's mathematics program met their needs?

Parent and Comntunity Involvement

In an effective mathematics program, contact with parents
oceurs regularly, rather than just when diffjcultics arise.
Jeachers must remember that their students do not need to be

~ totally successful in mathematics before positive comments are
sent home. Foreacxample, teachers should use progress reports
to give parents good news about their children or simply to
send some general information home that will clicit more
support or praise for the students’ mathematical progress. At
the secondary level, teachers may give students written
information on carcers that requirc a knowledge of mathe-
matics and cncourage them to sharc and discuss that
information with their parents. At all grade levels, parent-
tecacher cvents arc an important part of building a
support system that reinforces the concept of the school as a
positive lcarning enyironment in which students are provided
with skills they nced.

The resources that can be used for instructionald support arc
diverse and numerous, In an cffective mathematics program,
teachers use resources that cnable students to sce the
relationship Of what they arc learning to their present and
future lives. For instance, many parents have mathcmatics-
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Parents and students are made
aware of course offerings, major
ohjectives of the mathematics,

program, and relationships of
courses to career and university

requirements,
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related jobs or hobbies and are willing to share their
mathematical expertisc with their children’s classes, Local
businesses and institutions of higher learning can be another
source of guest speakers or carcer information,” Often they are

also willing to provide materials that can be used for
mathematics projects or group presentations. In addition,
work-lecarn opportunities for the students in the community
oftén motivate the students to learn mathematical concepts, as
they sce firsthand how knowledge of mathematics is applicable
to career sjtuations.

What to look for:

a. Do teachers make phone contacts with the parents
of their students early in the school year and
whenever encouragement of the students’ progress at
home is necessary? : :

b. Dofeachers maintain contact C’with parents through ,
‘progress reports, carcer information, and Suggestions
for support of the students’ progress in mathematics?

rd

¢. Docs communication to.the parents C()nu_rmng the
program’ jinclude a mechanism® for . rcspondlng to the
school?

d. Arc meetings involving parents and adrinistrators,
support staff, tcachers, and district office lldlSOn
personnel held during the ycar

e, rAre parehts and students made aware of course
offerings, major objectives of the mathematics
program, and relationships of courses to carcér and
university requirements?

f. Arc mectings scheduled at convenicnt times for
parcnts and busginess representatives to discuss job
opportunitics, job requisites, and carcer options?

g. Is somecone on the staff designated to cstablish
contact with businesses in the community?

h. Docs the staff-community liaison person make the
staff-awarc of work opportunitics available for
" students. in the community?

). Is recognition-given to businesses and agencics that
arc involved in the school's work experience
program?

Do students have access to the following community
resources so they can sce how mathematics is used
in real life situations? .

(1) University personnel .

(2) Rescarch and laboratory personncl

(3) Business and industry staff

(4) Paraprofcssionals and volunteers

(5) Other faculty members

.
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k. Is the classroom CXpandcd to include the

communny, when appropriate, so that concepts
learncd in mathematics classcs can be. applied to real
objects-and- real- situations; -e.g:,” focal- businesses and- -~ -
industries, parks, banking institutions, newspapers,
envirbnmental and recycling centers?

- 1. ‘Do students have class projects that require them to
interview pcople who use mathematics in their
carcers, such as plumbers, clectricians, accountants,
computer programmers, and so forth?

Coordination at the District Level ‘

An essential support element in a high quality mathematics
program is the effective communication among feeder schools
(i.c., clementary or junior high) and receiving schools (i.c.,
junior- or senior high schools or colleges). Mathematics
teachers, representing different grade levels, should mect
rcgularlv to discuss programs, student needs, and strategics for
improving continuity throughout the program, kindergarten'

“through grade twelve,

Also, the mathematics representatives of the schools should
participate in the dcsign of the district’s course of study,
proﬁcu.ncv requirements, and other district-level curricujum
rcqunrcm(.nts related to mathematics. Finally, -the district office
should epsure ddcguutc fundxng for instructional materialsy and
release” time for staff to participate in districtwide meetings,
staff development programs, development of materials, and
< other instructional support functions. For some activitics, the
office of the county supcrintendent of schools and the State
Department of Education can provide valuable assistance and
should be consulted. by the district staff.

. Anothér important responsibility of the district ad minis-

- tration 15 support of staff development programs at the
district and school site levels. This responsibility is discussed
in greater detarl on page 47. : ‘

u l:MmMummwﬁr

What to look for:

a. Docs a schedule cxist for a district or county
mathematics basson person to meet with the
mathematycs committees from cach school on a
regular mfmo

h. I¢ there evidence of district-level and county-level
support of cfforts to improve the school’s
mathematics program; ¢ g, development of needs
assessments, assistance with program cvaluation,
sclection of tnstructional materials, and assistance
with stalf development activitics?

o
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“I am convinced that it is of

primordial importance 1o learn

more every vear than the vear
before, After all, what is
education but a process by
which an able person begm! to
learn how to learn’" .
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The cooperation of the teaching
staff and administration is
absolutely esseniial in creating a
high quality program.

- .

¥ c. Does a districtwide committee of representatives

] : from each school meet on a regular basis to design,
monitor, and assess the district’s mathematics
program: ¢€,g,. thesdesign of district mathematics
courses of study, niathematics proficiency
requirements, and other district-level curriculum

1 requirements?.

d. Does the district provide release time for faculty to
; meet with teachers in other school programs or®
; with teachers at différent grade levels?

‘u ¢. I8 a published summary of mathematics infor-

: mation, including services and resources, -sent

; from the district office 1o all staff on a regular
basis? , ’

i +f Has the school designated a staff member who will
receive information from the district, county offices,

! ' and other sources on a regular basis and dissemi-

nate it to the rest of the: staff?

'J v

4} g. Are new materials put on display in a prominent
ﬂ‘ ¢ place,*such ag the staff founge?
|

h. Does the district office provide funding support for
instructional, materialy and refcase time for staff to
i participate in districtwide meetings, staff devel-
opment programs, development of matersaly,
and other instructional support functions?

i Doéy the district office provide information to
schooly about funding souregs available to support
the mathematies program?

‘1. Do district support staff persons, such as hbranans,
coungglors, and consultants, provide time in thar
schedules to work with staff members in imple-

. menting their mathematics program?,

k. Is a haison person assigned the responsibility of
hinking resources trom umversitics and colleges with
school sites through such programs as ficld study
and graduaie degree courses?

T~
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LoIs a liasson persos assigned the responsibihity of : :
lacilitating the communication between seeondary —

school teachers, clementary school teachers, and - ( *

college and university personnel?

m. Iy a ST member responsible for ensuring that
categorical support services are coordinated with the

regular program?
In a quality mathematics

n. Does the district office have available support | program, the eéntiré achool team
mechanismy for assisting schools with program is committed (o work :
improvement, ¢.g ., use of computer facilitics for . cooperativels to maintain
tabulating questionnaires on program evaluation excollence in the existing
and nceds; consultation or assistance in proposal A program while seeking wavs to
writing for federal, state, or private ageney (unding? ‘ improve the quality of that

program,

0. Iy assistapee fram offices of county superintendents
of schools and the State Department of Education
soheited and used when available?

p Is an individual who s well versed 1in computer . .
technology available to the school as a resource”? o

An cffective mathematics program grows and changes in
response to the growth and changes in uses of mathematics,
cducational gnnovations, and in faculty and student neceds. It s
well known fhat the number of carcers requiring higher levels -
of mathematics 1§ increasing, Not so well known 1s the
shortage of qualficd teachers of mathematics entering the
tcaching ‘profession and the related need to retrain and .
recertify teachers 1in nonmathematics subjects to fill the void. .
Staff development 1s the most important activity i1n the
support program for keeping pace with these changes In a e
yuality mathematics program, the entire school team s : .o
commtted to work cooperatively to maintain cxcellence 1n the o Y -
cxssting program while secking ways to improve the quahty of ) ‘o
that program _ ’ '

-

Criteria for Good Training PR ( .
Effective staff development is the ongoing process that !
provides for the continuous growth and development of all the 4 Q .

Q ) . 85
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Mathematics teachers shoild
have opportunities to develop
teaching skills for the
nonmathomatwal learning needs
of their students.

professnonals who are dnrectly involved with the edycation of
.the students in that school or district, and staff development
provides for the growth and interaction of the staff.as a unit
in a specified effort. It includes a wide variety of activities for
the staff; for example, observations of exemplary programs, «

t .

workshops; institutes, forums, and conferences.

Staff ‘development programs that seek to improve mstructlon
through teacher training must include presentation. of relevant
theory, demonstrations of desired behaviors, opportunities for

practice with .feedback, coached applications of what is

*learned, and frequent occasions for teacher discussions and
dialogues. When teachers are able to learn from each other’s

insights and experiences, their skills are strengthened.
Research ‘has shown that-the most successful training

programs are conducted during regular working hours or at
. other times when the trainees are likely to be>fresh and
enthusiastic about learning. The least successful programs are.
those conducted immediately after the regular ;.working day
~when the trainees are likely to be tired and unenthusiastic
about being trained. Staff development programs that include .

follow-up activities are more effective than “one-shot”
preserttations. v 2

25.

b

Is the staff éiven opportunities to develop.
new skills, practice new techniques, and
discuss critical issues?

What to look for:

a.

Do staff development activities, as.well as district
curriculum meetings, provndc time for dlscussmns
concerning curriculum?

. Do the teachers have/opportunmes for cxtendlng\ 7

their knowledge of mathematics; e.g., properties of-
number systems, the metric system of units,
computer programming, mathematical proofs, and
simple applications of number theory?

. Are there regular opportunities for planning staff

development activities bascd on group individual
student needs?

Do teachers receive training in the use of new
mathematics instructional materials adoptcd by the
school or district?

Do teachers in SUb_]CCl areas other Lhan mathematics
have opportunities to learn ways to reinforce
mathematical skills in their courses?

Do. mathematics teachers have opportunities to
develop teaching skills for the nonmathematical
learning needs of their students?

“Do teachers have opporlunlues for improving their

teaching skills through a variety of programs; c.g.,
teacher exchanges, conferences for teachers of

t
o)




\ .
' ' mathematics, and workshops for practxcmg teachlng
o techniques? .

5

h. Is staff dcvelopment respected as a hxgh priority
activity and offered at times approprlate to texchers’
. workday? .

i. Are tcachers encouraged to study ahd discuss .
R articles, books, or documents which present theories
“or issues relevant to mathematics instruction?

Z j- Are staff devclopment activities continued.to ensure
: implementation in the classroom?

k. Do follow-up activities of training programs provide .
opportunities to practice the prescribed-teaching
behaviors and to be coached when necessary?

-
L)

The Importance of Assessment and Support ~ ‘ o .

Those responsible for planning and implementing effective 4
.staff development programs must relate student needs and ‘ ‘
achievement to the teaching needs of-the staff. Teachers must
be consulted regarding their professional training needs and
their students’ learning difficulties. For the plan to be -
successful, high levels of staff participation also are necessary.
The planning and coordination of staff development activities
should be the responsibility-of teachers and othérs representing
all groups in the school community. The staff development
planning should be correlated closely with the mathematics -
program planning group; for example, if calculators and '
computers are to be used in the mathematics program, ) . v
classroom teachers. at all levels ‘will need to acquire additional .
skills. And the school plan should provide opportunities for o

+“teachers not only to acquire the new skills but also to increase | - ' .

~ their knowledge of the wide variety of uses for calculators and |  “Dear fellow teacher, do not
accept any auwthority except your

[

e

computers. . .

In addition, the staff develoment plan should be based on ‘ z::); ;f:ﬁfi‘gﬁ:lzgl;_"':f:::;z::d
information about how the school’s mathematics program has judgment. Try to sée clearly
met the needs of the students who have completed the " what the advice means in your
program. This information can be collected for an elementary . particular situation, try the
level mathematics program through informal interviews or advice in your classes, and judge
short questionnaires given to parents of former students and . . dfter a fair trial.” .
surveys of performance at receiving schools. At the secondary EROV MATHEMATICAL DISCOVERY

level, information can be gleaned from graduates two, four, (€ 1981. by John Wiley & Sons, lnc.)
and six years after graduation. The information from parents :

or graduates should be compiled and combined with other
relevant information to design and generate interest in staff
-development programs. '

“The information gathered.on the needs of the faculty and
students provides a solid foundation on which a school’s staff
development committee can build a program. The activities,
resources to be used, scheduling of topics, guest speakers,
frequency of activities, and so forth should be well planned by
the school staff develgpment committec and should include
~ continuous reassessment and feedback obtained from
participants, administrators, and others involved.

o " | - | - | 47
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- Staff development is a learning
process for individuals that have
different needs in different

schools at different times.

ERIC
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It is important that district administrators_recognize the
importance of staff development and support the efforts of
school personnel to learn new skills. It is also |mportant that
staff development programs throughout the district be flexible
in content and format.’District support should be available in
the form of funding for staff training, release time for teacher
participation, and assistance in making needs assessments and’
designing training programs. District staff can be particularly
helpful in arranging for the use of local resource people,
universities, and regional service centers. It is important to
remember, however, that there is no single best district staff
development program, because staff development is a learning
process for individuals that have dnfferent needs in different
schools at'different times.

What to look. for:

a. Does the district 'and school have an established
process*for continual assessment of teacher and
student needs for constructing a slaff development
program?

‘b. Are students who have completed a school’s
mathematjcs program interviewed two years.or
more after completing the program?

c. Has the school designated a $taff member who s’
responsible for staff development planning?

d, Is the school's staff development planriing based on
support personnel, such as parents, aides,
counselors,- and volunteers? ,

e. Are there grade-level and cross-grade-level meetings
of teachers, to determine staff development program
_goals and activities?

f. Does the administrative staff: participate in school
staff development programs?

g. Does a strategy exist for needs assessment to
precede the selection of specific” staff development .
“activities? '




~

. -

. . . i N ) . o
h. Are teachers in subject areas other than mathe- o R
matics encouraged to become knowledgeable about )
P integrating mathematics in other curriculum areas? .
i. Are teachers familiar with professional journals,
, . newsletters, and research bulletins?

j. Does one component of the staff development plan
.relate to providing staff with knowledge about the
appropriate use of available instructional matcrials? [

k. Are district staff traini
to be responsivel to the
individuals on tHe staff)

programs flexible enough
eeds and concerns of

S

I. Do teachers ¢ access to staff development
. offerin®s in commputer science and the educational

A leulators? Teachers in subject areas
uses of calculators?

other than mathematics are

£y

m. Are,periodicals related to instruction in the use of N encouraged to become knowl-
computers and calculators readily available to the edgeable about inlegraling
staff? : mathematies in other curricu-

lum areas.

Mamtenance ‘of Goals

Good staff dcvclopmcnt programs provide for the )
continuous monitoring of skills learned or goals met, and the -, _ ~
regular staff-meeting.is an cffective starting point for such a .
maintenance system. Part of each agenda should be devoted to _
the reinforcement of tcaching skills and the promotion of ' ;
mutual support. It is also important to review commitments to -
program goals and plans for future training. Such discussions

and exercises provide for the development of a support system .
so that participants will feel they have access to profcssnonal . '

help when spccnﬁc teaching problem$ arise. , .

EN

‘ TEN COMMANDMENTS FOR TEACHERS -
When the committee that developed this handbook met with
. George Polya, the distinguishéd mathematician, one member
asked him what teachers of mathematics should be told about
problem solving. He suggested they be given his “Ten
Commandments for Teachers™ . .

. Be interested in your subject,
2. Know your.subject.
3. Know about the ways of learning: The l)cql wu\ to learn
" anything is to discover it by yoursell.. :
1. Try to read the faces of your students; try to see lhclr .
expectations and difficulties, put yoursell in their place.
5. Give them not only information, but “know-how,” uunludoq of
mind, the habit of methodicil work.
. Let them learn guessing.

‘

6
7. Let them learn proving, .
8. Look out for such features, of the problem at hand as may be
-+ useful in solving the problems to come—-try to disclose the
general pattern that lies behind the present concrete situation.
9. Do not give away your whole secret at once —let the students
A , guess before you tell it ~let them find out by lhcmsclch as
much as is feasible. .
10. Suggest it, do not force it down their throats.

FROM MATHEMATICAL DISCOVERY, Y CEORCE POFY A, @ l’llll /3] J()NV WILEY & SOYS, 1N, ’
LSED BY PERMISSION OF FHE PUBLISIER .
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Puyblications of professional
organizations are available at
- : . each school. -

. /_, //
'Ongoing evaluaﬁon of progr.ams is important for the

maintenance of skills and the planning of further staff
development. The school's: staff development council should -

-review the school's mathematics programs annually for the
A achievement of student learning objectives; contmunty from one

prercqunsltc;}wse to another; relatlonshlp to new'
mathematicat”applications; and appropnateness of instructional

_materials used. o 3

‘ What to look for:

a. Does the staff development plan include an
cvaluation component that has been developed in
cooperation with the school’s staff development
planning committee? ¢

b. Does the staff development cvalualion focus on
improvement of staff skills and student achievement?

c. Are the activities of teacher centers and mathematics
organizations announced as a regular part of the .
staff meeting agenda?

d. Are publications of profcssiondl organizations
available at the school site; cg the California
Mathematics Council, the National Council of
Teachers of Mathematics, dnd lhclr regional dfﬁlndkc
organizations? : .

c. Has a procedure been q,sldbhthd for the routing
and posting of materials and informatidn related- to
local, regional, and statcmdc staff development
training programs?

“f, Does the staff development planning make use of

e  community resources when -appropriate?

g. Is there a district office person who is responsible
for staff development and who meets regularly with
representatives from administrative and instructional

~ school staffs to ascertain common areas of need?

h. Is there an established system .of communication
{c.g., ncwsletters, mc;lings) between the central office
and all schools regarding individual staff-.
development programs? :

i. Does the district office ndcntify‘and summarize
information available outside the district about
resources that support staff development programs?

IS
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Planning for the Impr.o'veme'nt"
of the Mathematics Program

OVerview »

~In describing the clcmcnts of an cffective and cxemplary .
“mathematics program, the writers of this handbook have
focused on what students lcarn, how they learn, and what
support is nceded for that learning to take place. Sich a
program must be based on carcful planning in which teachers,
administrators, parents, and students reach agreement on what
is expected of students and what the school’s program should
be in order to meet the students’ expectations, [t is essential
that planning be an all-school activity that takes place
continuously throughout the year, rather than an isolated
event occurring hdpha’nrdly or without direction.

Planning for. change deLnds on recognizing needs, and nced
is determincd by cxamining the difference between  the existing
program of instruction and the desired program. The following
checklist of essential program clements will facilitate an
assessment of the mathematics program at any school and will
help determine how effectively the elements described
throughout this handbook are being implemented in that
school's program. Frequent referral to the examples and
explanations given in parts II, TIl, and IV of the handbook
should be helpful in making these determinations,

In its present form, the checklist provides for an individual
or a group to cevaluate the leyvel of effectiveness of cach .
program clement, and this calls for a subjective judgment to
be made; but the four columns in the checklist may be
changed to describe the level of implementation of cach
program clement  a more objective judgment,

Once a program has been assessed, prioritics should be
established for planning the necessary improvements, Planners
may. find it useful to consider the reasons why particular
essential elements or clusters of elements are not “very
effective™ or.not “fully implemented.” The setting of priorities
should take into account the reasons, such as the following:

I. The element will be implemented later as part of a
long~-range plan, ,
2. Much assistance in planning is nceded before |
implementation takes place. '
- 3 Funds are nceded for implementation.

(/!}
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“T'he most beautiful thing we can
experience is the mysterious. It is
the source of all true art and
science.”

FROM UM EETREIEVETBY (LBERT FINS TR

51




4, More agreement is needed among the planners.
5. The element was never considered essential to the
program.

P Before starting to mark this checklist, the users should note

“well that in some school programs, there may be essential
elements that supersede those listed here; such elements
deserve the same level of attention and care as those listed.
Also, it should be noted that this checklist is not intended as

¢ a teacher evaluation instrument. Lastly, the proper use of this

checklist requires careful reading of all the preceding text, not

L ~merely a scanning of isolated scctions here and there.

¥

“?()RI\'I,'\'C I-‘R()M"IN'SII)I-I, WORKING FROM OUTSIDE

Satablishing contacts between the proposed problem and his '
previous experience is certainly an essential part of the problem
1 ) solver's performance. He can try 1o discover such contacts “from
ingide™ or “from outgide.” He'may remain within the problem,
cxamining its elements till he finds one that-is capable of attracting
some usable element from outside, that ig, from his previously
acquired knowledge. Or he may go outside the problem’, examining
his previously acquired knowledge until he finds some element
applicable to his problem. Working from inside, the problem solver
scany his problem, its component parts, its aspects, Working from
’ outside, he surveys his existing knowledge, and ransacks the provinces
of knowledge that are most likely to be applicable to the present
problem, The two parts of Fig, 11,2 attempt to give vigual expression
to “inside™ and “outside™ work,

N

Fig. 11.2, Working from inside, working from outside—to picece the clouds,

FROM MATHY WAL OISOV RY. N3 (L ORGE POPY | 2 dwin HY JOHN BHTY & SONS f\l [RTRLNIS} i
PERMISSION b THE BURTINIEER . '
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Checklist for Assessing the Quality
of a School’s Mathematics Program

,-1,,

The Content of the Mathematics Program
(What Students Learn)

Ineffec-

'The Language of Mathematics (See page 6 in the text.) rive

The mathematics program provides the following:

Some-

whel
effec-

tive

Effec

five

Very
effec-
tive

1. Students use mathematical terminology fluently,
The correct mathematical terms and symbols are used

consistently in the classroom. . F—

‘b. Students are provided a variety of experiencts for
fcarning mathematical terms and symbols,

2. Students can communicate in mathematics;
a. Students can use appropriate terms and symbols to

communicate what they have learned in mathematics. . —_—

b. Students have opportunitics to draw logical conclusions . -

“and prove conjectures. . _ .

¢. Students have Opporlunmcs to give class reports on
independent study projects.

A Comprehensive Mathematics Curriculum (See page 8 in the text.)
The mathematics program provides the following:

3. rhe mathematics program cov‘c[s the breadth of
required mathematical skills, -

a. By the end of the cighth grade every student has had
opportunitics to learn all the essential skllls and concepts

needed for high school mithematics. _

b By the end of the twelfth grade, every student has. had
opportunities to learn all the essential mathematical skills
and concepts needed for his or hcr collegg preparation

and consumer nceds. . —

¢. Students have amplc opportunitics in cach-arca of their
studics to acquire the skills needed to meet minimum
requirements for graduation,

53




- A Comprehensive Mathematics Curriculum—Continued

-

N

The mathematics program provides the following:

4.

S.

The mathematics program has depth.’

a. Students can relate newly learncd skills and concepts lo
thosc learned previously.

L

b. Lcarning tasks arc provided to build an undcrstandlng of
mathematics well beyond the level of sumply knowing thc
“facts.”

¢, Students learn to apply their knowledge of mathcmaucs
“to problems in the other subject arcas.

A high priority is given to mathematics instruction
both in the school-level plan and in practice.

The mathematics program is reviewed and planncd
throu&,h mutual agreement on objectives and prioritics by
representatives from the entire sc.hool community.

h. The mathematics program supports objectives and
prioritics in other subject arcas and other school pldns

¢. Mathematics instruction at the same grade level or in the
came courses provides comparable learning experiences
and skill development,

Remedial instruction iy available throughout the
mathematics program,

a, At all Tevels of mathematics instruction, students have
opportunities for remediation and assistance on an
individual basis. - '

h. The remediation activities improve attitudes toward
learning mathematics and avoid repeating previous
learning difficultics, '

Adcquate courses and information arc available for

thosce students preparing to go to college,

a. Information about the college and carccr'malhcmalics‘ -
requirements for the fields students intend to cnter s
available 1o the students and parcnts.

h. College preparatory students have good opportunities for -
studying trigonometry and other advanced mdlhcrp}zuu
courses needed for LOIngc

ERIC*

Aruitoxt provided by Eic:
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Very

what
Ineffec- effec- Effec effec-
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o
Skl"S in Computlng (Sce page 16 in the text.)

The. mathematics program provides the jollowmg

8. (‘omputing skills are taught through interesting and

challenging activities.

"

a. At the clementary level studmls lcarn to compute with
whole numbers, common fractions, and dccimals by first
. understanding’ the undcrl;ny concepts.

b. Studenty at all levels practice the compuung ekllls they
have acquired with a daily program of ‘intcresting
reinforeement activities, '

¢, Students develop an understanding of the practical uses
ol computing skills in solving real life pr()blt.ms

9. Students learn to cstimatc and to check their answers,

1. Students are cncoumng in a varicty of ways to compute
without using penetl and paper or other visual references.

b At all levels of mathematies instruction, students learn
many simple and convenient strategies for checking the
reasunableness of their answers.

Problem-Solving Skills. in Mathematics (See page 18 in the text.)

The mathematics program provides the jollowing: ‘

10.

The skilly of formulating and analyzing problems and
finding and interpreting solutions arc emphasized,

4 Students learn to formfulate and state problems from
situations that involve superfluous or vague information
and that do not follow simply from cmmplus given in th
hook or in the class,

h. Students learn a varicty of strategies for analyzing
mathematical problems and representing them in
mathematical terms,

¢. Students develop the skills for applying the mathematical

principles and processes needed to find the solutions to
problems .
d. Students have opportunities for discussing the solutions
they have found 1n terms of the merits of different
approaches and possible extensions to other problems,

O

ERIC

Aruitoxt provided by Eic:
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Some-
what Very
Ineffec- effec- Effec effec-
tive tive tive tive
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The Methods of Teaching Mathematics
(How Students Learn) ' ,

¢

Y

’_Learni_ng Styles and Teaching Strategies (See page 21 in the text)

The mathematics program provides the following:

11.

13.

14.

ERIC

Aruitoxt provided by Eic:

N . 3 ° »
Teachers provide for differences in students’ learning

styles. .

4. Students are given opportunities for learning in a wide
variety of instructional styles, groupings, and methods,

b* Students are encouraged and taught to use resources

putstde their elassrooms for extending their knowledge of

mathematics,

+ Some-

what

Ineffec: effec:
tiye iive

Effec
tive

Veey
ffec-
tive

Many assessment techpiques are used in designing the
mathematics instruction,

d. Valid assessment procedures are used for placing students
in the mathematics courses or providing levels of
instruction that are appropriate to their individual abilities

and Iimitations

b Students wre assessed regularly by means of a wide
variely of assessment tools that allow for different
Clearning sivles and language abilities.

¢ Instruciion 18 continuously moderated by on-the-spot

assessments of the students levels of interest, dépths of
comprehension, dand patterns of errors,

+ -

The progress of every student 15 assessed and recorded.

¢ Carelul records are kept on each student’s progress
toward Jearning the prescribed

coneepts

mathematical skills and

b Progress recordy are up to date and readily avalable to
the student and his or her parents and counselor.

b Fich student iy kept informed of his or her progress and
can explain what the records mean

Manipulative materials are used to reinforce the

learming of concepts,

LY

4 The instrucunonal presentations and matenals are designed
to lead the students carcfully from the famihar to the

unknown

b Mampulative and other visual instructional materials arce
used to help students develop a sohd understanding of

the concepty

{

1)
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Learning Styles and Teaching Strategies—Continued

15.

Students are grouped in a variety of ways to reinforce
learning. :
a. The grouping of students for instruction is designed 10
provide the besi learning opportunity for cach student,
b. Students have frequent opportunities for increasing their

understanding of skills and concepts through sharing
viewpoints and idcas with other students,

The Effeet of Attitudes on Achievement (Sec page 29 in the text.)

The mathematics program provides for the following:

16.

17.

18.

ERIC

Aruitoxt provided by Eic:

Teachers use high expectations to motivate students to
learn,

a. Lhe eacher provides a creditable model for the level of
performance expected of students through his or her own
hehavior as a professional person,

b. Fyvery student, regardless of ability level, iy challenged
equally with meaningful problemssand stimulating
questions '

¢ leachers demonstrate high expectations for every student. -

. so ©n i el B SR AR T T S e e

Students are stimulated to learn thr()u;_,h dlldlndbl(.

challenges and justified praise.

@ Lessons are presented in such a way thut every student 18
involved 1o learning activity that Telates to the lesson
objective and that provides a reasonable opportunity for
SULCEYS e

b Students understand the purpose of cach learning task
and are fully awarce ,of the amount of progress they have
made toward the objcctive.

¢ The teacher uses a variety of resources and people to
stimulate a high level of interest and mouvation.

d' Students consitently receive positive reinforcement for
commendable work, oral or written, and they er
sensitively corrected when their work v not satis dfactory

A substantial amount of time is allocated daily for
studytng mathematics,

a A specified ume s allotied for the daily study of
mathematies at the clementary school level, and

i e e b, e AR, 6 . s S e Ktk 48 et r

mathematics classes meet the allotted number of days per

vear at the secondary school level, as dclcrmmgd by
schoolwide agreement

<«
Some-
whaf ] Very
Ineffec-  effec- Effec- effec-
tive tive tive tive
AY
57




) o

The Effect of Attitudes on Aochievement-Continued

b. Routine classroom procedures are cfficient,cand
unexpected interruptions dare handled with minimal
disruption. ‘ 4 '

: . . N

¢. All studenfs are drawn into learning or thinking aT)QUL
mathematics during class discusstons,

d. Good study habits are utilized when students are assigned’
classroom acuvities,  ~ o

s
il

A\

Some-
whal

" Ineffec- effec:
v thve T tive

[ F——

19. tome study is emphasized in the mathematics
program, . ' h
1. Homewgrk agsignments in mathematics extend or
retnforee the learning in class and are designed 10 mect
the learning needs of the students on_an.individual basis,

4 .
b. Mathematres homework assignments” conform to a -

sehoolwide policy that is understood by students, paremts;

and a1l teachers,

¢. Mathematies homework is assigned in a way that creates
a high level ol intcrest und avoids the appearance of -,
serving as o punishment for not completing the work in
clasy

Effec .

tive

bery
effec-

tive

Calculators and (‘omputef& (See page 36 in the text.)
The mathemalics program provides the following:

20. calculators and computers are used in a variety of
_wavs to stimiilate and reinforee learning,

a Calculators ‘and computers are used in the classroom to
achieve mathematical learning ohjeetives, including
computing skitly ’ ' '

h Through varied and creative Jearming activities, students
understand the important.role of calculators and
computers in solving problems and in preparing for
vareers '

- L s L s

21. Students learn to estimate answers and to be precise
with the operations on caleulators and compurters,
4 Students are provided well-planned instruction in the
skills demanded for the effective operaton of caleulators
and computers

b InStructional materials for caleulators and computers arce
selected on the hasiy of estabhished Jearning nﬂgxlwcs”

—

O
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Support for lmplementatlon of a Quahty
. Mathematlcs Program o ', o ,‘

SNome-
7 - *A,. . . ! whaf T bery
" R . ; ) oo Ineffec effec. . Hffec effec
The SChO()l Chmate (SGC pagc 39 in !h,‘! !CX!,—) ) : - . Ine five Ihe ‘ tive

The mathematics program provides the following:.

22. There iv a climate of achicvegy rnroductivity at : , .
the school site. ' : : el e e

4 The mathematies program needs are reviewed regularly by ;
¢ local planning committee composed ol representiatives
Irom all parts ol the sehool community.

b Many satrees of mformition aboot mathematical skalls
needed vutside the sehool are used - assessing the ‘
: ettectveness nl the muthemdatics program : ‘ ’ ‘

23. parents and community members have many
' “opportunities to beeome involved 1n the school : .
mathemuitics program. : oo

Ca Dines of communication are established throughout the
school community for hinding wass to improSe the
mdthematics program, .

“h My vpportuadies are prosided o hclp parents hecome
iformed abuut and be mvolved i their childs progress
i mathematios.

°

! ¢ Logal business people and vommuntty Jeaders are myalved
i planning aind implementing the school muthemiatio

proguin o ’

= .
o - i ‘
;-& .

. 24, 1he distriet administration. provides coordimation for .
the development and implementation of a high quality
mathematics” program, . :

. : Y .
@ Information about distrct-Jevel assistance s readily
avatlable for planmng and implementing the school-level - - .
mithenigtics program

L

h  The distnict administraton provides opportunities for ’ "
articulation and coordination of the mathematics program ~
among the schools to ensure continunty of learming
experiences for students as they progress through the
grades

L Districtdevel conrdmnation of special programs and
funding sources s avinlable to ensure that cach student’s
mathematics program meets his or her learning necds

Qe D 4 A -
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what Very
Ineffec- - effec- Effec effec-

Staff Development (See page 45 in the text.)- : : ‘ Some.
The mathematics program provides the Jollowing: - . . _ Cdive tive tive tive

25, The staff is given opportunities to develop new skills,
practice new techniques, and ‘discuss critical issues.

a. Staff'development activities for mathematics are planned
by a widely representative group and given a high prlorny
in the school program.

b. Teachers of all subject areas are: encouragcd ‘to extend
their knowlcdgc of mathematics and to improve their
skills in teachmg mathematics.

¢. Teachers of mathematics at the secondary level are.
encouraged to improve their teaching skills for the
nonmathematical learmng needs of their students.

. Staff development activities include curriculum planning
“by ‘teachers witht ’? across gradc levels and courses.

information about mdny typcs of staff devclopmem
opportunities in mathcmatlcs i§ compiled from many
sources; supplemented, as needed, with locally planned
activities; dnd made avallable to tcachers in a timely
manner.

.

3 e

.

26. Staff development prd'grams.are built on assessments of
learning needs. '

a. The planning for staff dcvclopment activities is .based on
a continual and thorough assessment of the learning
needs in mathematics of students, pasl and present.

The staff development activities pr_ovrde for participant
evaluation, and the results of such evaluation are
- considered when later activities.are pldnned.~

217. Many resources ana\opportunities_ are used .to rnaintain’
staff development goals.

The staff development program includes an evgluauon of
its cffect on teaching skills and student learning. *

Information and publlCdt;,,on from mathematics teachers’ -
organizations and other mathematics-programs are made
available to all teachers.

The district administration provides assistance in planning
and implementing staff development programs.

rl
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A Saih'ple Conti_nuijm of Mathematical
Skills and Concepts

This sa Pplc continuum is based on the mathematics content
section ofthe “Criteria for Evaluating Instructional Materials in
Mathematies (K 8). which was adopted by the California- State
Board of Education on March 13, 1980, and appears in the o
Muthematics Framework and the 1980 Addendum for California
Public ~Schools. It leudes the mathematical skiils and concepts in
seven major categories, as prescribed for California public schools,
kindergarten through grade ught by the State Board of Education.

I'he skills and concepts are not prcsc.nud here as measurable
lecarning objectives, thercby permitting a broad interpretation of the
mathematical level of cach skill and concept. Every 'mathematics .
program should include these skills and concepts #fTits “core” of '
instruction, and, if othér factors are constant, the higher the level, :
the better the program should be, '

The suggested level of treatment of these skills and concepts is
indicated by the following code: s

A Antroduce the topie, dl.\l.l()p awéreness, and u(pl()rv. applicatians af the
skill concept. ) _

B Gain a basic umlcrs’tanding or competenee, with the skill caneept C
demonstrated, when some clues and assistance are provided. ) '

¢ Demonstrate comprehension,- unaided, through consistent performance . -
(say, 75 pereent) on tests ar applications of the skill concept,

Suggested level uf‘lrtutmunl.
by grade level )
Skill or concept B K-3' &6 78 . 9-12

i *~

!

" A. Arithmetic, Numf)e‘rs‘ and ()peratiohs

i. One-to-one correspondence, number, counting, and order ' c’ C C C
2. The: numbcr line .and the coordinate plane ] . B - B C C
. 3. Positive and negative numbers | : : A B |, C c
o 4. Decimal notation and u)mpumtmn with decimals (prior to f()rm‘ll ] .
Q‘ _computation with numbers”in fraction form) , A B ‘(‘ C’
5. Memorization and use of basic arithmetic facts of addmon and
multiplication : A C c «C
6. Addition in the development of the ()erdlI()n of subtraction B C C
‘7. Subtraction and multiplication in developmg the operation of .
division A B C C
% Fquality and order relations A: ¢ c | ¢
9. Properties of operations. in the development of computat:on skills A | B B ¢
" 10. Flementary number theory concepts - ‘ I A B ( C
I Sk:ﬂs “of t:efnpumnon ‘with positive and acgative numbcrs . ’ o 4 B C c
2. Sclection of the apprapriate opcrdnons for gncn situations . B B (; C C
13, Mental arithmetic B c c c
14, Place valuc in the decimal numeration system B ¢ C C

Y

]
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Programming and flow charting

< ) /
) - ]
I B
/
' i 2
Suggested level of treatment,
. by grade level
Skill or concept K-3 46 7-8 9-12
15. Exponential and scientific notation - ’ A B c
16. The real number systém ‘ . A ¢
17. Ratio, proportion, and percent . B C L. C
I8. Rounding” off numbers and estimation skills ' ‘l A B C. | C
B. (;eome?try ) v - i ) :
19, Intuitive, informal geometry, uti’lizing environmcmal models A B ) C C
20. Similarity and congruence A B B C
21. Parallelism, perpendicularity, and skewness ) A, ] /7 B C
. 22, Classification of geometrie shapes ' , AT B L s C
23. Use of geometric instruments * -« ° . A 3 B ’ C
24, Construction of lhruu-dimunsio'nul'moduls . - . A B | ¢
25. Length, circumference, perimeter, area, volume, and angle mc35urcs ] ’
of simple geometric figurcs R A B I B C
26. Indireet measurement and the P)lhag()re‘m l()rmuld ' oA B &
27. Elementary ‘coordinate geometry A/ l B ' C
( \le.nurement . : ‘
28. Mcasunng familiar objectives through'“hands-on™ experience A B ’ C ! C
29, Arbitrary units for measuring {(preceding instruction m \u”]dllrd i
' umls) ) ; B. li
30, Standard. units as a 'lmlform way of reporting measurcments | A ] B 1 C E . C
31, Understanding the structure of and using the metric system of ‘units
~ S B B ¢ «C
32. Convenient references for metric units without computational . ’ ‘ ; |
conversions between the ULS. customary units and SI unitg - j A } B C i «C
13, l’rutlictwilh the numerical values ol the metrie prefixes ; A B C
.34, Esumdtmg distance, area, volume, mass, and temperature in metric [ ’ J
© units ‘ A B | B C
1S Reading simple mcusuring inxlrumunh and the approximate nature } .
"ol measurement o, . A B B ’ C
36. Scale drawings and maps 4 . | A ' B ‘ C | C
o 7. bormulas tor determining perimeter, arca, and volume” , B Co C
. D. Calculators an(.l Computers - ;
38. Estimation | 8| ¢| ¢ | ¢
» 39, Caleulating +, -~ X, + Y B S ¢
40. Immediate fecdback 8| c| ¢ | ¢
Bl I{c’llllurccxncnl of number~refationships B - ; - } -
42, Exploring number patterns 3 A l B l C ‘ C
43 Motivation and enrichment - ' A B ¢ C
44. Extended application problems to develop concepts that are’ normally -
" obscured by, tedious computauons A B C c
’ 45‘. Providing integrated curriculum opportunitics v ’ A B ¢
46. Working knowledge of the functions, logic, and mechanics ' ’ A B c
47, Historical perspective ‘ , ‘ A B
48. Order properties | : B C C
49 L A B C
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“Suggested Jevel ol treatment,

by grade level

« 69. Séntences using: and, or, not, {f. ..hen, all, and some

. -

Skilt or r concept K-3 6 78~ 9-12
5 P RT—— -
50. Examples of use in sacicty’ A} .B | B | €
E. Probabllily and Statistics . )
51 Colxectm;, argamzmg, and repxescntmg dau denvcd from renl-m‘e o
sifuations- . A B "B C
52, ‘Tree diagramming and counuhg procaduru for 5dmpl¢. spaces A B ¢ C
33. Permutations (arrangements) and combinations (selectlons) B ’ A B. c’
54. Mauking gucsscs dbout patterns or trends in data A B C C
55 Statistical inferences ' A B B C
SMarmus measures of central thdcncy and dnpcrsmn . ' : B C
57. Elementary concepts of probability B B C
S8 Rehability of statistical inference ' B C
F. Relations and Functions ~ )
9. Constructing and interpreting tables, -graphs, and schcdulcs . A "B B C
60. Mappings, correspondences, ordered pairs, and “rules” leading to the )
concept of a mathematical refation LA -B B C
61. The function concept and function notation w B ("‘
62. A function in mathematlcal applications _v A B c
63, Patterns and relationships and forming generalizations A B B ¢
G. Logical Thinking - .
64, Manipulatives, games, problems, and puzsles which stimulate and”
develop elementary reasoning patterns A B B ¢
~ 65. Trial and error strategics A B C C
, 66 Applying rc‘mmmg p’hcrns to nonmathematical situations, such as
“advertising P A B ¢
67. Direct and mduect reasoning patterns . o , ' oy A4 B
68. Inductive dnd deductive reasoning patterns ‘ B ¢
8 | ¢
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IF'he academic senates outlined the
specific competencies that
“represent the core of the necessary
skills in Fnglish and mathematics
needed by entering college.
freshmen.”

/ »~

Conipetencies in Mathemat_ics _.
Expected of Students Planning to
Enroll in a College or University

.

EDITOR'S NOTE: Because of the widespread concern that students
enrolling in the colleges and universities in California are underpregaged in
English- and mathematics, the academic senates of the California Cﬂmunily
Colleges, the California State University, and the University of California
1ok an official position on the matter early in 1982. In their statement the
three senafes outlined the problem and made six recommendations, which
are cited on page 15 of this handbook. Then they outlined the specific
competencies that “represent the core of the necessary skills in English and
mathematics needed by entering college freshmen.” Thelr rewmmem/alu)ns

for mathematics follow. ) . .

r .

As both thg Mathematical Association of Americajand the
National Council of Teachers of Mathematics have noted, “Mathe-
matics is a highly structured subject in which various concepts and
techniques are highly dcpcndcm upon cach other.” Reflecting this,
the mathematics curriculum in high school and college consmts of a
sequence of courses, each with specific topics to belearned,
enable students to build upon their skills and understanding of
mathematical operations. Students who have not dcqmrcd adequate

MATHEMATICS

" skills: and understanding at one. course level will find lt c*«.ccdm&,ly

difficult to comprehend the course content in the next.

The amount of recommended high school prcpamtlon in mathc.—
matics for college- b()und students depends “on’ the- mAJor ficld of
study to be pursded in college, rcgardlcss of any specific college of
um»crsny admission requirement i athematics. Students who plan
to mgjor in a physical or life scu:m(m Lnginccring pre-inedicine,

othér scu.m.c -related fields, business, or cconomics shogld prepare for

the collegeslevel calculus requirement in these majors by taking four
years of mathcmatics in high. school and additional mdlh(.mdll(.S
courses if available. Many majdrs in the social scicnces or other
professional and pre- pr()f(.ssn()ndl ficlds require baccalaurcate-level -
statistics or calealus, ‘sometimes both. Three years of high school
mathematics are frequently required as preparation for stdtlstlcs To
enable students to have full access to (.ollc.gc and umvcrslty
programs and carcer opportunitics, it is recommended that all
college-bound students master the skills and” techniques of high
school mathematics through intermediate algcbra This“means that
all pr()spu.mc college students should tdke as a minimum full-year
courses 'in clementary-algebra, geometry, and intefmediate dl&,cbrd
Students who must take intermediate algebra in collegeicannot
expeet to receive credit toward graduation for this. .course: lt is
considered remedial at the baccalaurcate level.

Students entering the California Stata University and ‘many

students entering certain progrg.ma in the UWiversity of (allfornm are

required to take a diagnostic test in mathematics. Those students
who do not demonstrate-an acceptable level of proficiency will be

required to take remedial course work to overcome their deficiencies.

N\



A mathematics c/oursc in the senior year of high scheol is, therefore,
recommended to prepare students for these diagnostic tests.

The following recommendations for college-preparatory programs
in mathematics have been developed in cooperation with the '
UC CSU Workgroup on Diagnostic Testing in Pre-Calgulus
Mathematics, which includes teachers of mathematics from California
high schools and community colleges: . : R

I. Students should begin the study of algebra only after they have -t
mastered arithmetic and the general mathematical skills outlined ~/
below in Section L. '

2. All college-preparatory students should complete Algebra 1, Geom-
“etry, and Algebra . Content recommendations for these courses are
contained in Section 1. '

All mathematics courses should
emphasize problem solving. )
Students should be graded on their

. ) : L ability 1o solve problems correctly
1 Students who intend to pursuc a baccalaurcate degree in ficlds and to display problem:solving

requiring the study of calculus should- complete the courses in trigo- processes in a clear, complete, and
nometry and (in) analytic gcometry and mathematical analysis, as
outlined 1n Section {1

accurate manner.

4. All college-preparatory students should take a mathematics course

" during their senior year of *high school. This course could be Algebra
H or a more advanced course, depending on the student’s back-
ground. Suggestions for advanced courses are contained in Section
i, o

S. All mathematics courses should cmphasize problem solving. Students
should be graded on their ability to solve problems correctly and to
display problem-solving processes in a clear, complete, and accurate
manner,

6. Computers and-hand calculators should besused in imaginative ways
to reinforee learning and to motivate students as proficicney in
mathematics iy gained. Students should develop adequate arithmetic
skills in order t9 avoid reliance upon calculators for simple numerical
computations, Calculators should be used to supplement rather than ©
io supplant the study of necessary computational technigues.

7. Fach college-preparatory mathematics course should include a com-
prehensive final examination, ‘ _

K. All college-bound siudents should reccive diagnostic assessment at the
end of their junior year. Examinationy used for this purpose  fo .
example, those developed by the UC ¢SU Workgroup on l)iugn&h@ic
Testing in Pre-Caleulus Mathematics or similar instruments  should i
measure achievement levels -necessary for success in collcge mathe- |
matics and should provide guidance as to the selection of proper
mathematics courses in the senior year. . .

Y Caleulus, when taken by high school students either at their high
achool or af a4 neirby college, should be taken only by those students
who arc strongly prepared n algebra, geometry, trigonometry, and
coordinate geometry, dnd who can demonstrate the mastery of these
subjects. Phe calculus-course should be a full-year course and, if |
offered in high school, should prepare the enrolled students to take
one of the College Boards Advanced Placement Calculus
Fxaminations.

.
10 Understanding the application of mathematies to agas such as the
physical, biological and social sciences, and business should be
encouraged .

*11. To the extent that famtharization with’ the computer is part of the
high school mathematces program, such orientation should emphasize .
mathematical applications and should not digplace cssential mathe-
maticy topIcy Or courses, v ) /

The following constitutes a more detailed specification of the o
topics to be covered and the skills to be developed in pre-high -
school and high school mathematics courses. , :

O ‘ ‘ . - .
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Students should begin the study of
Calgebra only after they have
mastered aritthmetw and general
mathematical «kills.

W””Wi‘mﬂ WthM
of Algoliez. Js
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The following basic arithmetica! skills should be introduccd and
developed without the use of a calculator, These skills can then be
cxtended and new mathematics topies learned by cffective usé of a
calculator. The following list highlights major arcas. This presen-
tation is not as detailed as that employed for the_ high school
program in Sections Il and 111,

e Computation with whole numbers, fractions, and decimals ’

o Undersianding the meaning of fractions, decimals, and percent and
their relationship to one another

e Translation of situations and verbal problemy into mathematical
sMatements

o bacility in rounding, approximation, and numerical ¢stimation;
appreciation of reasonablencss of pumerical anywery

* Understanding and use of basie anthmetic properties

o Ulse and interpretation of graphs and tables

e Computation with positive integral exponenty and square roots of
perfeet squares -

e Computation of perimeters, arcas, and volumes of \lmpl(. gc()mclrlC
figures.

Section 11, Taﬂutaulmmuupml.
Geometry; and Algebra 1t :

All college=preparatory students should complete courses (here
called Algebra I, Geometry, Algebra 11) ‘which cover together all the

‘topics listed below. The division of topies among these courses is

not meant to be rigid. Certain topics may be introduced carlier or
fater. ‘Topics introduced in onc course should be reinforced in later
courses. Applications and problem solving should be ecmphasized
throughout.

e Algebra | -

o Arthmetic operationy and ahsofute values ol positive .md ncgative
rationial numbery ‘

Arithmetie operations with literal symboly

Uinear cquations apd therr graphs

Inequaliticy

Ratio, proportion, and variation

Operatipns with integer exponents

Opcrations with polvnomialy and rational expressiony

Systems ol lincar equationy with two unknowns, solutions and
applications

Spevial products and factoring

Solution of guadratic equations hy lactoring and formula
Solution of elementary word problems

Application of formulas for perimeters, areas. and yolumes of wmple
geometric ligures

«

® (' (omrlrv

o I xtensive reinforcement of the nlgchr.m skilly developed 1n Algebra |

e Bayie postulates of Fuclidean geometry, prools of geometne theorems

o Angles, paraliel bnes. congruent and similar triangles, sectihinear
figures, LIFL‘L\ and wres, Pyvthagorean theorem

e Apphcation of tormulas lor perimeters, wreas, volumes, and surface
arcas of geometrie hgures

o (icometric constructions, loc ]

e Coordinate geometry, proofs of geometric theorems by coordinate
geometry methods




e Right triangle trigonometry
e Solution of clementary word problcms
o Intuitive spatial geometry

o Algebra 11

Simphficanon of atgehraic expressions

Fractional exponents and radicals

Absolute value and incquahitics Py

Opcrapions on polynomials™

Quadrauc cquations, completion of the square, guadratic formula,

propertics of roots ’

Complex numbery

Quadratic ineyualitics

e Graphing lincar and yuadratic functions and incqualitics;
determination and 1nterpretation of slopes

o Sulutions of equations with 1ational expressjons

Swatems vl hnear cquations with two and three unknowny:

homogeneous, dependent, and inconsistent systems

Polvnomial ¢quitions :

Binomial theorem

Anthmetic and geometric sequences and series

I xpotienual and logarithmie functions .in;i equations

I he Yunetion coneept. unludlng u)mposuums nnd Inverse fuactions,

artthmetic vperations on functions

e Solution of word problems, inctuding estimation and approximation

&

%

Sectie 11, Advanced Counes l Misbemeils -

All college-hbound students should take a mathematies course
during the senior vear of high school. The mathematics studied
during the senjor year should refleet the student’s college pl.ms as
well ay mathematical ability and attainment,

Students who plan to take caleulus in college should complete

AlgebrX 11 prior to the twelfth grade. These students also should
fake 4 \eMESter oune In trigonometry followed by a semester
catrse mnoanalytie geometry sind mathematical analysis. These courses
should nclude the topies hsted below.

Students entering ficlds requiring probability and statistics may
elect such @ course as an alternative to the course in analytic
geometey and mathematical analysis Computer science is a suitable
clective tor those planming to enter fields requiring extensive
tamiliarity with computing For stronglv prepared students who have-
completed analvtic geometry and mathematical analysis, a year
course 1n caleulus leading to one of the advanced placement
examinations of the College Board s recommended. Other electives
iclude hincar algebra and integrated courses i saiepce and

mathematies  Topie descriptions for elecuve courses are not lm_lude

o [Irigonomeiry (one semester)

e [rngonometnc. functions as ratios of Jengths of sides of truangles and

ay ureular funcsions

Graphical characteristics of trlgon()mctm functions

Sulution of nght trangles .

Radian and degrec mecasure

[rigonometric dentitics, including double angle, hall angle, and

addition formulas

Faws of sines and cosines, solution of oblique triangles

e Renlorcement of function ¢oncept cxponcntial, lngurnhmlc and
trigonometric fupctions

o [nverse trigonometnie functions and thar graphs .

e Solution of trigenometnc cquations

e -
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AU college-preparatory studenis

should take a mathematics course

during their senior year of high

school. This course could be

Algebra 11 or @ more advanced
course, depending an the student
background.

s
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. , e Polar coordinates and vectors
' e Trigonometric form of complex:numbers and de Moivre’s thcorcm

¢ Analytic geometry and mathematical analysis {one semester)

e Coordinate geometry, including detailed treatment of conic sections
e Rational functions and their graphs '

] o Flementary functions and their mvcrscs, lncludmg graphs of these
, functions »

' Review of polar coordinates and vectors

Graphing in polar coordinates

Introduction to lincar algebra

Mathematical induction -

Parametric cquations and their graphs :

‘Lines and planes in space; three-dimensional coordinate geometry
o Introduction t0 vectors in space

. -

You who use the Hindbook for
Planning an Effective
Mathematics Program are the
critical and final links in a
unique chain that connects what

, ! is known about high quality _
' mathematics programs with what
. g - happens 1o students in o
e l mathematics classrooms,

HNON RILES
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Other Publications Available from the Dep'artment of Education

'~

’ ’

rhc Handhook for P/annmg an Effeciive Malhemams Program is one of
approximately 500 publications that arc available from the California State
Department of Education, Some of the more recent and more widely used
publications and those pertaining to mathématics are the following:

$1 50

Accounting Procedures for Student Qrganizations {1979)
Bilingual l’rogrgm. Pohcy. and Assessment [ssues (1980)
Califorma Private School Directory

aifornia Publie School Directory
nia School Accounting Manual (1981)
Caldornia™ Demonstration Programs in Reading and Mathcmatics (1950)
Catalog of Instructional Materials 1n Mathematics (19K1)

Inrectory of Fxemplary Mathematics Programs in California (1973)
Discussion Guide for the California School Improvement Program (1978)
District Master Plan {or School Improvement (1979) -
‘Fducanion of Gilted and Talented Pupils (1979)

Fstahlishing School Site Councils. The Califurnia Schnnl Im provement

Program (1977) ..
Furcign Language Framework for (alifornia Puhlic Schunl\ (osm
Guide to School and Community Action (1981)
Guidelines for School:Based Alcohol and Drug Ahuse Programs (19K1)
Handhook for Planming dn Flfective Readinig Program (1979)

Handhook for Planning dan Effcctive Writing Program (19¥2)

History  Suvial Saence Framework for Calhfornia Puhlic Schools [1981)
Improving the Human Favironment of Schools (1979)

Inserve Gumde for Teaching Measurement: The S1 Metric Svstem (1975
Interim Guwdelines for Fyaluation of Instructional Materials with Respedt

ter Soaal Cuontent (19K1)

Manual of Fiest Ard Praciices for School, Buy l)mcn Q02
Mathematics bFramewark for Califorma #uhlic School.

with 1980 Addendum (19K2) '

Mathematis Stope and Scyuence Charts {set ol tour ) (1979

Munngraph un Stall Development (19801

New Fra o Speual Fducauon Calidornia®s Master Plan i Action (19%(0)
Pedestrian Rules of the Road m California Primary Pditton (19803
Phyaical Performance Fest {for Cabiforma, Revised Fdition (19K2)

Plan for Improving Flementary Mathematics Progrdains (1976

Plannimng for Multiwuliural Fducation as o Part of School hnpm\cmcm

{1979y

Planoing Handbhook [197K)

Profiuency Asscvsment 1n California A Status Rtpnrl [1YK(n
Profiency Skill Development Kit (1980

Putuing 1t Logether with Parents (1979)

Reading, }ramework tor California Puhbic Schonls (K0

Relstiomyhip Between Nutntion and Student Achievement, Hehaviot

and Health {1980}
Science Fducation Lor the [9K0S (1982}
Saence Framework for California Public Schools (197K)
School‘Improvement Making California fducation Better thri hure)

[19%2)
Student Achiesement in Calforma Schools !
Students” Rights and Responsibilities Hundhook (19%(h

Toward More Humun Schouls (19K 1)
Visual and Perturming Arty lramcunrk fur Callornia Public

Schoaly (1982) ‘

Orders should be directed to.

Cahforma State Department of PFducation
‘PO Box 271 .
Sacramento, CA 95802

=N

1.28
9:00
12.50
2.50
200
250
KS

1. 50

150
250

-1.50=*

250

1.75

100
150

2 00

225 .

250

25

1 S0
12
200
125
150
200
.50

150
|28

125

I she
200
750 -

RSt
178

4 00
200
| 6S

N
178
1 sot

] 18

129

Remittance or purchase order must accompany order. Purchase orders
without checks are accepted only from government agencies 1n California
Sales tax should be added o all orders from Califorma purchasers

A complete hist of publications available from the Department may be
obtained by writing to the address hsted above.

*Developed for tmplemeniation of School Improvement

'A

Ino available 1n Spanmish at the price udicated
ay
{

o)
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